ak ; 
. s . ee 
E rN 
2 = oe = aa Es : : 
> She Rt iea / 
: . .% :. 3 = ‘ S ~ 
*s. y - es 
: ’ 3 3 - 
x - m NE = te 5 3 2 = 
5 é FAS s s 
o > tht : es 5 x 5 5 
x. 7 z £ f : shee Se te eae Se Soe 
z Hated Stee. te 2 2 : 
Ve oe Lie y 
t - he, ay ; 
Seis shasta 
} vert ui 2 eter, 
: : é ean e: 


eae apa a4 pda za bz baba abc baba dsl 
BUSH SCIEN 


ROLLINS COLLEGE 
MILLS MEMORIAL LIBRARY 
Book-A-Year Club 


Gift of 
Sigma Xi Fraternity 


in memory 


Dr. Philip Mitchell 


pF ba a =a =a a= a baz] aba bapa apa bd pa bz aba bd pz abd ha bz ba bx 


Bh i I II I 


[Ped 95a pepe 4404p za za bead ba zd bz 


5] I I I I I II 


bag) 


Digitized by the Internet Archive 
in 2022 with funding from 
Kahle/Austin Foundation 


https://archive.org/details/deformationofsolo000ihha_x9g9 


Deformation of Solids 


Deformation of Solids 


I? H. HALL 


Lecturer in Physics 
University of Manchester 
Institute of Science and Technology 


Barnes & Noble, Inc. 
New York 
Publishers @ Booksellers @ Since 1873 


© Copyright I. H. Hall 1968 


First published in Great Britain 1968 
by Thomas Nelson & Sons Ltd 


Published in the United States 1968 
by Barnes & Noble, Inc 


Printed in The United Kingdom 


- Preface 


~ Several years’ experience of research into’ the mechanical properties of 
) materials, both in industry and in research associations, has convinced me 
) that the traditional ‘Properties of Matter’ course for undergraduates provides 
, an inadequate training for the person who is later to specialize in this subject. 
» The traditional presentation omits recent developments such as the theory 
, of rubber elasticity; it does not emphasize that the mathematical theory of 
_ elasticity is only applicable in cases where certain conditions are satisfied, or 
. that assumptions are made about the experimental behaviour of materials in 
‘ developing this theory; and, worst of all, it cannot be developed to include 
\. advanced topics such as three-dimensional states of stress and strain, finite 
strain, or anisotropic materials. 
\. To overcome these difficulties we need to develop an entirely new approach, 
\. which this book attempts to do. The mathematical treatment is kept as 
J simple as possible, which frequently involves proving a theorem rigorously 
\. for two dimensions, and assuming an analogous result for three. At the same 
. time, however, the student is encouraged to think in three dimensions. 
\ Wherever possible geometrical concepts, which can be visualized, are used 
in preference to abstract mathematics. Throughout, the assumptions which 
», are made about the response of real materials to deforming stresses are 
~ emphasized, and the restrictions which must be introduced to simplify the 
X mathematical development of the theory are explained. The notation is such 
at more advanced treatments, involving matrix and tensor methods, will 
llow naturally. 
a The first part of the book deals with methods of specifying stress and strain 
N and leads to the assumptions about the behaviour of materials which must 
} be made if these quantities are to be simply related. The second part is 
concerned with the experimental behaviour of real materials and their devia- 
tion from the assumptions made in the first part, and gives methods of 
describing this deviation. A final chapter qualitatively relates the observed 
behaviour to the molecular structure. 

In my view, the contents constitute a minimum syllabus in the subject 
\which all physics students should cover. It is to be hoped that they will 
\. cover more, and that, in particular, the subject matter of the last chapter 
“ will be considerably developed. For this reason, this chapter has been 
\ deliberately restricted to a qualitative discussion of physical ideas, emphasiz- 
. ing the differences in the origin of elastic forces in different types of material. 
© Numerous specialist text-books are available which develop these ideas 
\ quantitatively. 

‘ 
is 
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vi PREFACE 


The book was written with the needs of physics students particularly in 
mind, but should also be of value to engineering and materials science 
students. It should be suitable for a student either nearing the end of his first 
undergraduate year, or beginning his second. While he is working through 
it, other parts of his course will be increasing his knowledge and ability in 
mathematics and physics. For this reason the mathematical treatment 
becomes more abbreviated as the book progresses, and physical concepts 
which he might be expected to have encountered elsewhere by the time he 
reaches the later parts of the book are introduced without discussion. 

I would like to acknowledge my gratitude to Professor L. R. G. Treloar, 
who kindled my interest in this subject; to Professor H. Lipson for allowing 
me to develop my ideas in undergraduate courses at the University of Man- 
chester Institute of Science and Technology; and to Professor M. M. 
Woolfson, but for whose encouragement I might not have written this book. 
I am indebted to my colleagues Dr. A. Kaye and Miss A. Sutherland, both 
of whom have read the manuscript and made many useful suggestions; to 
Mr. M. H. Lewin of the publishers for his editorial assistance and co- 
operation, and also to my wife for invaluable assistance in correcting the 
manuscript and proofs. 

I. H. HALL 
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1 
Introduction 


When forces act on a body they alter its ‘size and shape. For example, 
in Fig. 1-1 a cylindrical rod is clamped vertically at one end and an axial 


Clamp 


Fig. 1-1 Cylindrical rod 
under axial force 


force is applied to the other. This force will change the length of the rod, 
and possibly also the radius. In this book we are concerned with the relation- 
ship between changes in the dimensions of a body and the forces acting on it, 
and how this relationship depends on the material from which the body is 
made. 

This is a subject of interest and importance in many scientific disciplines. 
Engineers must design structures, such as bridges, which will not deform 
dangerously under the loads they encounter in service. On the other hand, 
the technologist concerned with the shaping of materials needs to deform 
bodies permanently from one shape to another and must know the forces 
developed in his processing machinery in doing this. Physicists and materials 
scientists are interested in the relationship between the molecular structure 
of a material and its mechanical properties. They want to know how differ- 
ences in the properties of two materials depend on their molecular arrange- 
ments, and how to alter the properties of a material to make it more suitable 
for a particular purpose. 

This book has been written primarily for students of physics and materials 
science. However, before the relationship between the mechanical properties 
of a material and its molecular structure can be discussed, we must know 
how to define and measure these properties, and how they differ from one 
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class of material to another. Accordingly, most of the book will be devoted 
to these topics. Their relation to the molecular structure of the material will 
be considered only in the final chapter, and there only in a general and quali- 
tative manner. 

In this chapter we outline the argument used; in subsequent chapters we 
shall discuss the various stages in detail. 

If one parameter can be found which defines the force acting on a body and 
another can be found which defines the deformation, their relationship can 
be illustrated by a graph. For the rod shown in Fig. 1-1, the axial force can 
be represented by a single number and the deformation by the change in 
length of the rod. Graphs are plotted of axial force against change in length 
in Fig. 1-2 for a rubber rod of 0-5 cm? cross section and 5 cm long, and in 

10 
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Fig. 1-3 for a steel rod of 0-005 cm? cross section and 100 cm long. The 
magnitudes of forces and deformations are so different for the two materials 
that they cannot be shown on the same graph, but how far are these differences 
due to the different dimensions of the rods, and how far are they due to the 
different properties of the materials from which the rods are made? 

For this particular experiment the effect of dimensions can be determined 
quite easily. Suppose equal axial forces are applied to two identical rods, 
each of unextended length /. They will both extend by the same amount, 6/, 
as illustrated in Fig. 1-4(a). If we join the two rods end to end and again 
apply an axial force F, each component rod will experience the same axial 
force as before, and so each will again extend by 6/ [Fig. 1-4(b)]. The 
parameter used to represent deformation should therefore have the same value 
as before, but the total extension of the combined rod will be 26/. However, 
if the extension 20/ is divided by the unextended length 2/, the resultant 
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F F 
| : Fig. 1-4 Effect of length of test piece on 
force-extension relationship 


(b) 


quantity will have the same value, 6///, as when the rods were stretched 
individually. This quantity is therefore independent of test piece length and 
is referred to as the strain. A more general definition of this term is given in 
Chapter 2. 

The effect of cross-sectional area can be deduced in a similar manner. 
Suppose equal axial forces were applied to two identical rods of rectangular 
cross section, and distributed uniformly over the end faces, as in Fig. 1-5(a). 


F F 
F 
Saat i) 


Fig. 1-5 Effect of area of cross section of test piece on force-extension relationship 
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Now suppose the two rods are joined along one of their side faces, as in 
Fig. 1-5(b). Each will experience the same axial force as before and so the 
parameter used to represent force should be unaltered. The total force 
applied to their end faces will be doubled, but so will the area of cross section; 
so if the force is divided by the area of cross section, the resultant quantity 
will have the same value as when the rods were stretched individually. 
This quantity is therefore independent of the area of cross section of the test 
piece and is referred to as the stress. Again, a more general definition is 
given in Chapter 3. 

In Figs. 1-6 and 1-7, stress is plotted against strain} for the rubber and steel 
rods. The magnitudes of the quantities still differ greatly between the two 
materials, but it is now certain that the difference between their mechanical 
properties is genuine, and not a spurious effect arising from different test 
piece dimensions. 
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Fig. 1-6 Stress—strain curve—rubber rod Fig. 1-7 Stress—strain curve—steel rod 


However, this is only one of many ways of deforming a material and 
plotting a graph of the relationship between force and deformation. For 
example, we could twist one end of a rod relative to the other and plot a 
graph of the twisting couple against the angle of twist. Alternatively, we 
could clamp a bar horizontally at one end, apply a vertical force to the other, 
and plot a graph of the force against the deflection of the free end. (For 
reasons which will become apparent in a later chapter, the effects of the test 
piece dimensions cannot be eliminated in these cases as easily as\they were 
above.) Another way of deforming a body is to immerse it in fluid under 
pressure, when the change in volume per unit volume is plotted against the 

} The definition which has been used to calculate the strains in these figures is strictly 


only applicable to strains much smaller than those in Fig. 1-6. However, this is not impor- 
tant in the present argument, and will be discussed in more detail in Chapter 2. 
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fluid pressure. Many other examples could be cited, all leading to different 
relationships between the forces acting on the body and the deformation 
they produce. 

Are all these relationships independent of each other? If they are not, can 
we determine a few, more basic, relationships and use these to calculate the 
deformation resulting from applying any system of forces? If we can find 
such relationships, we shall have a method of comparing properties of differ- 
ent materials which is not only independent of the dimensions of the test 
piece, but also of the particular type of experiment that has been performed. 

To answer these questions we need more general definitions of stress 
and strain than those already given. The definition of strain is suitable only 
for a deformation in which the length of the rod is changing; a different 
definition would be necessary for other types of deformation. However, 
consider a small cubic element of material within the rod. In general, when 
the rod is deformed the edges of this cube will change in length, and the angles 
between the edges will alter, as in Fig. 1-8. So far, our definition of strain 
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Fig. 1-8 Distortion of small cubic element of deformed body 


considers only the change in length of the edge parallel to the axis of the rod, 
and ignores the changes in other dimensions. If we can develop it to include 
the changes in the lengths of all the edges and the angles between them, then 
it will apply to any type of deformation. In Chapter 2 we develop such a 
definition and explore the mathematical properties of the quantity defined, 
but these mathematical properties are simple only if the changes in length 
and angle of the elemental cube are small, i.e., the ensuing theory will be 
restricted to small deformation. 

So far we have only defined stress in terms of axial force acting along a rod. 
We can now generalize this definition as follows. If the rod in Fig. 1-9 is 
cut through at the plane AA’, the two halves will fly apart. Thus the mole- 
cules lying on one side of this plane must exert a force on those on the other 
side. It is this internal force which prevents the rod separating into parts 
before it is cut. 
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A’ 
Fig. 1-9 


Now consider a small cube of material within the rod, as in Fig. 1-10. 
Internal forces due to the surrounding molecules will act on its faces, as 
shown. From the previous definition, the stress on the cube is the magnitude 
of the internal force acting on the face normal to the rod axis, divided by the 
area of this face. Had external forces been applied differently from those 
shown in Fig. 1-9, then internal forces would act on the other faces of the 
cube in Fig. 1-10 and would not necessarily be normal to these faces. We 
must therefore extend our definition of stress to include the forces on all 
faces, and their directions of action. We develop such a definition in Chapter 
3, and demonstrate that the mathematical properties of this quantity are the 
same as those of strain. 

When stress and strain are defined in this way, they require several num- 
bers to specify them completely. For example, the deformed cube of Fig. 1-8 
will require six quantities to specify its size and shape: the lengths of the 
edges intersecting at any corner and the three angles between these edges. 
In general, both stress and strain require six numbers to specify them 
completely. However, we see in Chapters 2 and 3 that any state of stress or 
strain can be resolved into three components, each of which can be specified 
by a single number. 

The strain produced by each of these stress components will be determined 
in Chapter 4. Each stress component produces a strain which can also be 
represented by a single number, provided that these strains do not depend 
on the direction in the material in which the stress component is applied 
(such materials are called isotropically deformable). Thus one graph can 
relate stress and strain for each one of these stress components. Furthermore, 


Fig. 1-10 Internal forces in rod with axial tension 
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for two of the stress components the graphs of stress against strain are 
identical. 

Thus, we can analyse any stress into three components and determine the 
strains produced by these components, knowing only two stress-strain 
relationships. Provided attention is restricted to small strains in elastically 
isotropic bodies, we need only know these two basic relationships to deter- 
mine the deformation in any body resulting from the application of any 
system of forces. These are the relationships which should be studied 
experimentally. 

Unfortunately, they concern changes in the dimensions of an elemental 
cube of material, and the internal forces which act on its faces, neither of 
which quantities are directly measurable. For experimental purposes, these 
relationships must be expressed in terms of deformations occurring and forces 
applied in experimentally realizable situations, such as the examples already 
cited. Using certain assumptions, we can calculate the changes in the 
dimensions of a body caused by systems of forces, as is done in Chapter 5. 
We can use experimental investigation of these changes to check the validity 
of our assumptions. The results of such experimental investigations are 
discussed in Chapter 6. 

What assumptions must we make? First, that the stress is proportional 
to the strain; and second, that the strain depends only upon the value of the 
stress and not upon any other quantity (such as the length of time for which 
it has been applied). Our first assumption allows us to express each relation- 
ship by a single number, the constant of proportionality. The two numbers 
so determined are called the elastic moduli and define the elastic properties 
of the material. 

Since the method of analysing elastic deformations is only valid at small 
strains in elastically isotropic materials, we must restrict experimental 
investigation to these conditions. The experiments then show that the first 
assumption—that stress is proportional to strain—is valid. The second 
assumption, however, cannot be confirmed experimentally. If the strain is 
measured at different intervals of time after imposing a stress, a variation with 
time will be detected, and therefore it is not uniquely defined by the stress. 
This behaviour is called visco-elasticity. Experimental investigations such 
as these also reveal that the restriction of the theoretical treatment to small 
strains and elastically isotropic materials is completely unrealistic. Many 
materials can be deformed beyond the limitations of the small strain theory, 
many are anisotropic. 

Materials can now be classified according to their mechanical properties. 
For example, one of the elastic moduli of rubber is smaller than that for 
metals by a factor of about 104. Furthermore, rubber will recover its original 
dimensions after very large deformations, whereas very much smaller 
deformations in metals are irrecoverable. From the theoretical analysis 
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these are genuine differences between the material properties, and are not 
spurious effects resulting from the choice of test piece dimensions, or the 
type of experiment performed. We are therefore justified in explaining 
these differences in terms of the molecular structure of the materials. 

The molecular structures of certain classes of material are known, and the 
way in which these structures determine mechanical properties can be 
described qualitatively, and, in some cases, quantitatively. However, detailed 
quantitative theories are beyond the scope of this book, and for these the 
specialist texts dealing with particular classes of material should be consulted. 
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Specification of Strain 


2-1 State of strain 


When a system of forces acts on a body, it will produce two effects: 
an acceleration (unless the forces are in equilibrium), and changes in shape 
and size. The changes in shape and size are called the state of strain. How is 
this specified ? z 

In the previous chapter, we defined strain as the change in length divided 
by the unextended length. However, we noted that such a definition is 
restricted to deformation in one dimension of the body. A more general 
definition and specification will now be developed to include all three 
dimensions, but for simplicity we will start by considering two-dimensional 
sheets of material. 


2-2 Strain and rigid body movement 

In mathematics, we commonly locate a point in space by specifying its 
perpendicular distance from three mutually perpendicular planes. These 
distances are called the cartesian coordinates of the point. In a two-dimen- 
sional sheet of material, two coordinates suffice. One might think that any 
changes in these coordinates would specify the deformation of the sheet. 
However, Fig. 2-1 shows that a pointf P, in a sheet of material ABCD, can 
be displaced to P’, either by moving the whole body rigidly to A’B’C’D’, as 
in Fig. 2-1(a), or by deforming the body to A’B’C’D’, as in Fig. 2-1(b). 
The former case is known as rigid body movement. Thus two coordinates are 
unsatisfactory because they will not distinguish between deformation and 
rigid body movement. 

Suppose that, instead of a point, we have a line PQ in the sheet. If the 
sheet is moved rigidly [as in Fig. 2-1(c)], the line stays the same length; 
but if the sheet deforms [Fig. 2-1(d)], the line changes in length. Such changes 
in length indicate deformation and not rigid body movement. 

However, we have still not completely solved the problem. Rigid rotation 


+ In the diagrams in this book, points are marked to represent particular particles in the 
material. As the particle moves, so the point moves. Similarly, lines denote particular 
lines of particles, and changes in shape or length of the line record changes in the relative 
positions of particles. Diagrams of bodies before and after deformation are often super- 
imposed and, in this case, particles and lines of particles are denoted respectively by 
unprimed symbols (e.g., P) and heavy lines before deformation, and by primed symbols 
(P’) and medium-weight lines after deformation. 
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of the sheet [Fig. 2-1(e)] will cause the line to rotate; so also will extension 
in a direction inclined to that of the line [Fig. 2-1(f)]. To distinguish between 
these causes, we must draw a second line inclined to the first. If the angle 
between the lines is unchanged [as in Fig. 2-1(g)], then rigid body rotation 
has occurred.. Changes in angle [Fig. 2-1(h)] can only occur as a result 


A B B’ 


Fig. 2-1 Deformation and rigid body movement 


of deformation. Thus, to measure the deformation of a two-dimensional 
sheet of material, and to distinguish between this and rigid body movement, 
we need to draw at least two inclined lines in the sheet and measure’the change 
in angle between them and their changes in length. 


2-3 Shear and extensional strain 


Customarily, we draw the two lines specifying the deformation of a sheet of 
material so that they are mutually perpendicular in the undeformed state. 
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Fig. 2-2 Shear and extensional strain of OY direction 


Two such lines are shown as OX, OY in Fig. 2-2. Consider two particles 
P and Q, one on each line. Now suppose that, after deformation, the sheet is 
moved rigidly so that the particle at O returns to occupy the same position in 
space that it occupied before deformation.+ The sheet is also rotated rigidly 
so that the line of particles defining OX is in the same direction in space 
before and after deformation. Further, suppose the particles at P and O are 
the same distance apart before and after deformation. Then (from Fig. 2-2) 
the line of particles defining OY has rotated to OY’, and has extended so 
that the particle Q now occupies the position Q’. 

It is difficult to define the strain in a body in terms of the displacements of 
its constituent particles in a way to satisfy all conditions. Considerable 
simplification is achieved by considering only small strain, which is the only 
state that we shall discuss in detail. A deformed metallic body will recover 
its original shape and size on releasing the deforming forces (elastic behaviour) 
only if the strains are very small; at larger strains, the deformation would be 
permanent (plastic behaviour). The theory we shall develop will therefore 
be adequate for the elastic deformation of metals, but will not be valid for the 
large elastic deformations which are possible in rubber, or for plastic 
deformation. 

Two quantities are necessary to specify the displacement of the particle 
Q (Fig. 2-2): (a) the extension of the line OQ, and (b) its rotation. From the 
first of these quantities is defined 


CON 00 (2-1a) 
OQ 


extensional strain = 
From the second is defined 
angle of shear = angle QOQ’ (2-1b) 


+ Unless specifically stated otherwise, this rigid body motion will be applied in all cases 
considered in this chapter. 
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It must be clearly understood that these definitions apply only to small 
strain. The general definitions are more complicated, and these represent 
their limiting cases as the strain approaches zero. From these definitions and 
Fig. 2-2, we see that, even though the strain is small, the displacement of Q 
can be large if OQ is large. 

An assumption not previously mentioned has been used in drawing 
Fig, 2-2. The line of particles which defines OY, which was straight before 
deformation, is assumed to be straight afterwards. This is not necessarily so. 
We have made another assumption in the definition of extensional strain. 
In Egn. (2-1a), no restriction is placed on the position of Q, implying that the 
extensional strain is independent of this position. Again, this is not neces- 
sarily so. We will consider the implications of these two assumptions later. 

The example of deformation discussed above is a very simple one. Gener- 
ally, the deformation will extend OP as well as OQ. Also, rigid rotation of 
the deformed sheet, to make the direction of OX the same as before deforma- 
tion, is not usual. The situation, taking account of these two points, is then 
as shown in Fig. 2-3. Again, we assume that straight lines remain straight 


Y’ 


Fig. 2-3. Shear and extensional strain of OX and OY directions 


after deformation, and that the extensional strains are independent of the 
positions of P and Q. 


Three quantities are necessary to specify the relative displacements of 
P and Q: 


OQ’ — 0Q 
OQ 
OP’ — OP 
OP 


(c) the angle of shear in the XY plane (this is the difference 
between the initial and final values of the angle XOY) = 
hr — 0 (2-2c) 


(a) the extensional strain in the direction OY = (2-2a) 


\ 


(b) the extensional strain in the direction OX = (2-2b) 
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We use the phrase ‘relative displacements’ to indicate that, although these 
three quantities define the shape and size of the deformed sheet completely, 
they do not give its position and orientation in space. We have already used 
the convention that a rigid body movement is applied so that the particle O 
occupies the same position in space as before deformation. Also, either the 
angle y or ¢ must be known to determine the orientation of the sheet. 

If we are to apply the techniques of cartesian coordinate geometry, we 
need to express these strains in terms of displacements along the coordinate 
axes. However, we have not yet defined coordinate axes, although two lines 
of particles, mutually perpendicular before deformation, have been labelled 
OX and OY. On deformation, these lines rotate to OX’ and OY’, and are no 
longer mutually perpendicular. Hence, lines of particles are not suitable 
for use as axes. The difficulty is overcome by defining the directions in space 
of the lines before deformation as the coordinate axes. 

Since the strains are small, their components along the coordinate axes 
can be obtained quite easily. Perpendiculars to OX and OY are drawn from— 
P’ and Q’, intersecting them at P’, and Q’ respectively. Then, given that the 
angle of shear is small, cos py and cos ¢ are both very nearly equal to unity 
and so, to a very close approximation, OP’ = OP/, and OQ’ = OQ’. 

Thus the extensional strain of the line of particles OP, called the extensional 
strain in the x direction and given the symbol ¢,,, is given by 


_OP,—OP_ PP, 


2-3a 
Similarly, the extensional strain in the y direction, é,,, is given by 
Be ORs (2-3b) 


Eyy OQ 


Again, since the strains are small, y ~ tan py = P’P,/OP, and OP, = OP. 
Thus the angle y, called the shear strain in the y direction of a point on the 
x axis and given the symbol ¢,,, is given by 


P’P., 
OP 


a eye (2-3c) 


Similarly, the shear strain in the x direction of a point on the y axis, Ey, 18 
given by 


Os 2-3d 
h = Egy 00 (2-3d) 


+ The angle y is measured in radians. When angles are used to denote shear strains, 
radian measure will be used. 
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Ey, positive 
, are itive 
é,, negative Exy posit 


ey, negative 


£y, positive 


fy, negative 


€,, negative €,, positive 


£,, negative 


£,, Positive 


£yx positive é,, negative 


ey, negative: 

é,y negative 
€,, positive 

—Y 


Fig. 2-4 Sign and notation convention for strain 


We have used the symbol e with two suffixes to denote strain. The usual 
convention in allocating these suffixes is as follows: the first suffix denotes 
the direction of the component of displacement, the second suffix denotes the 
axis on which the particle lies. The sign convention is as follows: strains are 
positive if a particle moves in the direction of an axis which has the same sign 
as the axis on which the particle lies; they are negative if these signs are 
different. This sign convention and notation is shown in Fig. 2-4, where, 
for example, if the particle lying on the x-negative axis is displaced in the 
positive y direction, the strain is —e,,. 


From Eqns. (2-3) it would appear that we need four parameters to define 
strain. However, from Fig. 2-3 


d+p=in-O=y, 


where y,,, is the angle of shear in the XY plane. Therefore, since the strains 
are small, 


Eye + Exy = Vay . (2-4) 

Thus, ¢,, and €,, are not independent, since y,, is determined by the angle 

0, and this is fixed for a given state of strain. By rigidly rotating the deformed 

body about O, ¢,,, and ¢,, can be varied. The usual convention is to use this 

rigid rotation to make ¢,, = ¢,,, and, unless specifically stated otherwise, 
we will assume that this has been done in all cases in this chapter. 
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We therefore need three quantities to specify the strain in a sheet of 
material: two extensional strains and one shear strain. They are each 
defined by Eqns. (2-3). It is important to distinguish between the definition 
of yay, the angle of shear [given in Eqn. (2-2c)], and ¢,,, the shear strain 
[given in Eqns. (2-3c) and (2-3d)], and it should be noted that 


eee 
Exy = 2V ay 


It must again be emphasized that the definitions given in this section 
apply only to small strain. All future work, which will be developed from 
these, will therefore be similarly restricted. Where conclusions are also ap- 
plicable to large strain, this will be stated, and when they can be easily 
developed to include large strains, this will be done. 


2-4 Three-dimensional bodies 

To extend the treatment to three-dimensional bodies, we need to consider 
the rotation and extension of three mutually perpendicular axes. In Fig. 2-5, 
three lines, OX, OY, OZ, are drawn in the material, and we define the 
directions in space of these lines as coordinate axes. Particles P, Q, R, one 


Fig. 2-5 Specification of strain of solid body 
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lying on each line, are marked. After deformation, the lines have rotated 
to the directions of OP’, OQ’, OR’, and the particles have been displaced to 
P’, Q’, R’. Again we assume that the lines remain straight after deformation, 
and that the strains are independent of the positions of the particles along the 
lines. From our work in two dimensions, we can see that six quantities 
are now necessary to specify the displacement of these points—three exten- 
sional strains and three angles of shear. The extensional strains are: 


OP’ — OP 

(a) in the x direction corse (2-5a) 
OQ’ —O 

(b) in the y direction — (2-5b) 
OR’ — OR 

(c) in the z direction a3 ORM (2-5c) 

The angles of shear are: 

(a) in the XY plane da — 0, (2-5d) 

(b) in the XZ plane in — 6,, (2-Se) 

(c) in the YZ plane tn — 0,, (2-Sf) 


As we are considering small strain, we can express these strains in terms of 
displacements along the coordinate axes. The extensional strains become 


(a) in the x direction  &, = PP,/OP (2-6a) 
(b) in the y direction —_&, = QQ’/OQ (2-6b) 
(c) in the z direction &;, = RR JOR (2-6c) 


The shear strains become 


(a) for a particle on the x axis 


(i) in the y direction ¢,, = P‘P’/OP (2-6d) 
(ii) in the z direction ,, = P{P{/OP (2-6e) 
(b) for a particle on the y axis 
(i) in the x direction ¢,, = Q’Q’/OQ (2-6f) 
(ii) in the z direction ¢,, = Q’Q’/OQ , (2-62) 
(c) for a particle on the z axis 
(i) in the x direction ¢,, = R/R//OR (2-6h) 
(ii) in the y direction ¢,, = R/R//OR (2-6i) 


It would appear from Eqns. (2-6d)—(2-6i) that there are six shear strains. 
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However, as was the case with the two-dimensional lamina, these are not all 
independent. Since the shear strains are small 
P'OQ’ = P/OQ' R’0Q’ = R;O0Q; ROR ZR OF, 
Hence 
Eva a Egy = 37 ~ Oxy = Vou 
Exy 9 Eyez 37 ae Oe = OG 


ae — 
Ezy + Ging = Rue Se Us = Vez 


We can vary these strain components by rigidly rotating the body R’P’Q’O 
about O so that 


Eve = fay = 3Y xy (2-7a) 
Egy = fy, = BV vz (2-7b) 
Ezy = Eg, = BV wn (2-7c) 


2-5 Nature of strain 

We see that nine parameters, of which six are independent, are necessary to 
define the strain in a piece of material. Scalar quantities can be completely 
defined by one number, and vector quantities require three independent num- 
bers to specify them. Certain rules must be obeyed in the algebraic manipula- 
tion of these quantities, and the rules for scalars are different from those for 
vectors. However, since strain requires six independent numbers to specify 
it, it can be neither a scalar nor a vector quantity. 

Scalars, vectors, and quantities such as strain are all given the general 
title tensor quantities. Scalars are zero rank tensors, vectors are first rank 
tensors, and quantities such as strain are second rank tensors. There are also 
tensors of higher rank. Strain is normally written as an array of nine 
numbers: 


Exe Exy Exz 
Eye Ey "yz 
Exe Ezy Ezz 


The first suffix is the same all along the rows, the second is the same down the 
columns. Also, by Eqn. (2-7), this array is symmetrical about the principal 
diagonal. (The principal diagonal is defined as that containing ¢,., Ey, &z2-) 
Strain is therefore called a second rank symmetrical tensor quantity. 

Like scalars and vectors, tensors of higher rank have their own algebraic 
rules. It is not necessary to go into these here, but one point should be 
emphasized—beware of using vector algebra when dealing with strain; in 
some situations this is a mistake which can easily be made by the unwary. 

Large strain is also a second rank symmetric tensor quantity, but the 
strain components forming the elements of the tensor are defined differently 


from Eqns. (2-3). 
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While it is easy to visualize the physical nature of scalars and vectors 
(scalars are quantities having only magnitude, vectors have magnitude and 
direction), it is more difficult to visualize second (and higher rank) tensors. 
However, their nature can be illustrated, using strain as an example. In 
Fig. 2-6, P is a point in a body. After deformation, P will be displaced to Pa 


iz, P’ 


»4 
Fig. 2-6 Position and displacement vectors 


The displacement will depend on both the state of strain and the position of 
P. If we denote this position by the vector OP, and the displacement by the 
vector PP’, then the strain is the quantity enabling the vector PP’ to be 
calculated from the vector OP, i.e., the displacement and position vectors are 
related to the strain by the equation: 


displacement vector = strain x position vector (2-8) 


Second rank tensors are quantities relating two vectors by an equation of this 
type. 

From Eqns. (2-6), each strain component is a dimensionless ratio, which is 
often expressed as a percentage. For the small strain approximation to be 


valid, the numerical values of the components must be less than about 
0:00551,6:5.0:5 7. 


2-6 Worked examples 

1. Mutually perpendicular lines OX, OY are drawn in an undeformed sheet 
of material, and their directions define the coordinate axes. A particle P 
has the coordinates (2,0) and (2:005,0:002) before and after deformation, 
respectively. A particle Q has the coordinates (0,3) and (—0-003,2-998) 
before and after deformation, respectively. Calculate the state of strain and 
the angle of shear, assuming the strains are small. 
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Fig. 2-7 Worked example 2-6(1) 


The positions of the particles before and after deformation are shown in 
Fig. 2-7. From this figure, Eqns. (2-3), and Fig. 2-3, 
Exe = 0-005/2 = 2:5 x 10-3 
Eyy = —0-002/3 = —0-6 x 10-3 
Eye = 0002/2 = 1-0 x 10-3 
Exy = —0-003/3 = —1-0 x 10-3 


From Egn. (2-4), the angle of shear, y,,, is given by 


Egy Ge Eye, = Vay 
Therefore 


Vay = 0. 


2. Mutually perpendicular lines OX, OY, OZ are drawn in an undeformed 
block of material, and their directions define the coordinate axes. The 
coordinates of particles P,Q, and R before deformation are (5,0,0), (0,2,0), 
and (0,0,3), respectively. Given that a state of small strain, ¢,,, = 4 x 10-%, 
2x 10°, 2,,=— —1 x 10%, «, =3 x 10%, 2, = —3 x 107, 2, = 
2 x 10-3, (Ey = Eye, etc.), is applied, determine the coordinates of the 
particles after deformation. 


From Eqn. (2-6), the displacement of P 


(a) in the direction of the x axis = €,, xX OP = 4 x 10% x 5 
= 2x 10-* 
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(b) in the direction of the y axis = ¢,, X OP = 3 Xx LO CaS 
ti san 


(c) in the direction of the z axis = ¢,, X OP =2 x 10% x 5 
=1x 10" 
Therefore, the coordinates of P after deformation are (5-02,0-015,0-010). 
The displacement of Q 


(a) in the direction of the x axis = ¢,, X OQ = 3 x 10° x 2 


=i6 x, 1074 

(b) in the direction of the y axis = ¢,, X OQ=2 xX 10% x 2 
= 4 x, 10-* 

(c) in the direction of the z axis = ¢,, Xx OQ = —5 x 10°? x 2 
= —1 x 10°? 


Therefore, the coordinates of Q after deformation are (0-006,2:004,—0-01). 
The displacement of R 


(a) in the direction of the x axis = &,, x OZ =2 x 10* x3 


= 6 x 10-* 
(b) in the direction of the y axis = ¢,, X OZ = —5 x 10° x 3 
ee ee. Gh 8 iar 
(c) in the direction of the Z axis = ¢,, x OZ = —1 x 10> x 3 
= —3 x 10° 


Therefore, the Sane of R after deformation are (0-006, —0-015,2-997). 


3. A sheet of material is in the form of a right-angled triangle whose mutually 
perpendicular edges are of length 3cm and 4cm. The directions of these 
edges are chosen as the coordinate axes, the edge of length 3 cm lying along 
OX. A stateof strain, é,, = 4 x 10-*, 2,52 =< 10%, ae el Uae 
is applied. Determine the extensional strain in the remaining edge of the 
triangle. 


If the edges of the triangle after deformation are OX’ and OY’, and the 
angle between them is 0, then 


(X'Y’)? = (OX’)? + (OY’)? — 2(0X’)(OY’) cos 6 » 
The angle of shear, y,,, is 2e,,, and 0 = $7 — y,,. Therefore 
cos 8 = cos ($7 — Yay) = SID Voy = Vay 


since y,, is very small. 
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Hence 
(X’Y')? = (OX’)? + (OY’)? — 2y,,,(OX’)(OY’) 
where OX’ = OX + ¢,,0X 
and OY’ = OY + «,,OY 
Therefore 


XY’ = [OX*(1 + «,,)2 + OY%A1 + ¢,,)? 
=, 2Vry(OX)(OY)(1 + Ene) (1 + Gls 


Similarly XY = (OX? + OY?) 
The extensional strain in XY, e, is given by 
Pe X'Y’ — XY 
XY 
Thus - 


1 4. 2le22OX* + eyOY* — ee : 
OX? + OY? 

SINCE €,, yy, and y,, are sufficiently small, we can neglect second order terms. 

So, expanding by the binomial theorem, we get 


Pel EqgOX” + &,,0Y? — ¥,,(OX)(OY) 
OX*=2 OY" 


Substituting the given values in this equation gives e = —0-00208. 
Relevant exercises:t Nos. 2-1 to 2-3. 


2-7 Uniform strain 

We have not yet considered the implications of the two assumptions we made 
about deformation in Section 2-3—that the extensional strain along an axis 
is independent of the position of the particle, and that straight lines of 
particles used to define the axes remain straight after deformation. 

The first of these assumptions implies that the extensional strain is uniform 
along the axis; the second has a similar implication for shear strain. If one 
of the lines becomes curved, then the angle of shear along that line must 
vary. Hence, the second assumption implies that shear strain is uniform 
along the axes. 

However, if these two assumptions are correct, it does not necessarily 
mean that strain is uniform at every point in a sheet of material, for they are 
concerned with deformation along the axes. What are the necessary condi- 
tions for strain to be uniform throughout the sheet? Consider a sheet marked 


+ Exercises are given at the end of each chapter and students are recommended to work 
through the relevant questions before proceeding further. 
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Fig. 2-8 Uniform strain 


with a grid of small squares (Fig. 2-8). If, after deformation, all lines such as 
P’S’ are straight and parallel to OY’, then ¢,, must be uniform at all points, 
since it is this quantity which determines the changes in direction of lines 
initially parallel to OY. Similarly, if lines such as Q'S’ are straight and 
parallel to OX’, then ¢,, must be uniform at all points. It follows that, 
if the shear strains are uniform throughout the sheet, then lines of particles 
which are straight and parallel before deformation are straight and parallel 
afterwards. 

Further, if the lengths OA, AB, BC, CP are all equal, and the extensional 
strain is uniform along the axis OX, then the lengths OA’, A’B’, B’C’, C’P’ 
must also all be equal. A similar conclusion applies to the intercepts OD, 
DE, EF, FQ along the axis OY. 

Thus, if the shear strains ¢,, and ¢,,, are uniform throughout the sheet, and 
the extensional strains ¢,, and ¢,, are uniform along the x and y axes, then a 
grid of congruent squares drawn in the sheet of material becomes a grid of 
congruent parallelograms after deformation, and the sheet is said to be in 
a state of uniform strain. It should be noted that it is not necessary to specify 
uniformity of extensional strain other than along the coordinate‘axes, since 
it follows from the above that the extensional strains are then uniform at all 
points. This can be shown in the following way. The condition of uniform 
shear strain ensures that lines parallel to PS before deformation are parallel to 
P’S' afterwards. Provided these lines mark off equal intercepts OA’, A’B’, 
B'C’, C’P’ along OX’ (which is ensured by the condition of uniform exten- 


DISPLACEMENT OF POINTS 23 


sional strain along this axis), they must also mark off equal intercepts along 
any other parallel line, i.e., the extensional strain must be uniform along any 
line parallel to OX and equal to «,,. 

A similar definition of uniform strain applies to three-dimensional bodies. 
If the six shear strains are uniform throughout the body, and the three 
extensional strains are uniform along the coordinate axes, then congruent 
cubes drawn in the body before deformation become congruent parallel- 
epipeds afterwards. 

In this book we will be concerned only with states of uniform strain. For 
non-uniform strain, the definitions given in Eqns. (2-1), (2-2), and (2-3), and 
in Eqns. (2-5) and (2-6) must be replaced by their limiting values as the points 
P, Q, and R approach O. They then define the state of strain only at the 
point O. 


2-8 Displacement of points not on coordinate axes 
From our work in the previous section, we can now determine the displace- 
ment of a particle which does not lie on the coordinate axes. 

Lines of particles forming the rectangle OQSP are marked in a sheet of 
material (Fig. 2-9). The directions in space of the lines OP and OQ are 
taken as the x and y axes, respectively, and the coordinates of S are (x,y). 
On deformation, the rectangle becomes the parallelogram OQ’S'P’. The 
lines of particles which coincided with the coordinate axes have moved to 


Fig. 2-9 Displacement during uniform strain 
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OX’ and OY’, and the coordinates of S’ are (x’,y’). We need to find x’ and y’ 
in terms of x, y, and the state of strain. 


Now 
x= OS = OP PP! -L P's’ (2-9) 
where OP =x and PP), = Xn. 
[from Egn. (2-3a)] 
and Peas => P’A a OKSp = Vey 


[from Eqn. (2-3d)] 
Substituting these values in Eqn. (2-9) gives 


x = x(1 + @,,) Vee (2-10a) 
Similarly, it can be shown that 
Y= VL + by) + Eye (2-10b) 


The component of displacement in the x direction is x’ — x, and that in the y 
direction is y’ — y. These may be obtained from Eqns. (2-10) and written 


Xe— x = xe, + Very (2-11a) 
Yo — Y= XEyz + VEyy (2-11b) 
The order in which the terms and suffixes occur in Eqns. (2-11) should be 
carefully noted. The first suffix remains the same along the rows, the second 
suffix remains the same down the columns. This enables the equations for 


the displacement of a point in a three-dimensional body to be written down 
by inspection. They are: 


x) — X = NXEg, + VEgy + Ex: (2-12a) 
V HV = XEyy + VEyy + Ey, (2-12b) 
Zo — Z = XEqy + VEgy + ZEq, (2-12c) 


It is this pattern in the order of the suffixes which makes the method of 
notation particularly valuable. 


2-9 Effect of rotation of axes 

So far we have seen that the strain in a body can be completely specified by 
six independent numbers derived from the changes in length and angle 
between three mutually perpendicular lines drawn in it. The direttions of 
these lines before deformation are taken as coordinate axes, and the values 
of strain obtained refer to this particular system of axes. Now suppose that 
we draw in the body another set of three mutually perpendicular lines, 
inclined to the first set. We could use the new set as a system of coordinate 
axes, and obtain numbers to specify the strain with respect to it. The numbers 
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might differ from those specifying the strain with respect to the original system, 
even though the state of strain is unaltered. However, since the strain is 
completely specified by the first group of numbers, we should be able, 
knowing the angle between the two systems of axes, to calculate the strain 
components for the second system. 


Fig. 2-10 Effect of rotation of axes on coordinates of a point 


Consider a two-dimensional sheet having strain components ¢é,,, €,,, 
and &,, = €,, With respect to a system of axes OX, OY. For another system 
of axes OX,, OY,, inclined to the first at an angle 0, the state of strain is 
given bY E1g¢5 Eryy> E1ey» ANd E1,,. (We are not justified in assuming that, 
because the shear strains are equal on one pair of axes, they are equal on 
any other pair.) We now have to derive equations which express €1y4, E12; 
ey), and é,,,, 10 terms Of €,,,, €,,. Ey; and 0. 

Before we can do this, we have to solve the following problem in coordinate 
geometry. Given that the coordinates of a point S are (x,y) with respect to 
axes OX, OY, what are its coordinates (x,,y,) with respect to axes OX,, OY, 
inclined at an angle 6 to OX, OY, in terms of x, y, and 6? 

In Fig. 2-10, perpendiculars are drawn from Q, P, and S to A, B, and C on 
OX,. Then 

OC = OB + BC =x, (2-13) 
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Now BC is the projection of SP on OX,, and OA is the projection of OQ 
on OX,. SP and OQ are equal and parallel, so OA is equal in length to BC. 
Substituting in Eqn. (2-13) gives 


x, = OB+0A (2-14) 


We now introduce another form of double suffix notation. Angle XOX, 
is formed by the rotation of the old axis OX to the new axis OX,. We call the 
cosine of this angle /,,, where the first suffix denotes the direction of the new 
axis, and the second suffix denotes the direction of the o/d axis. (In Fig. 2-10, 
the angle has been formed by the rotation of the old positive axis in an anti- 
clockwise direction towards the new positive axis. This direction of rotation 
is unimportant. Had it been formed by a clockwise rotation, the angle 
would have been (27 — 6) instead of 6 and cos (27 — 6) = cos 6.) By the 
same convention, the cosine of angle YOX, is /,,.. Hence 


OB = x/,, and OA = yl,, 


Fig 2-11 Effect of rotation of axes on specification of strain 
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Equation (2-14) can therefore be written 


Xy = Xl + Vlog (2-15a) 


Similarly, we can derive the equation 
Jie Xe + Vhyy (2-15b) 


The angles whose cosines are /,,, and /,,, are marked on Fig. 2-10 to assist the 
student to become familiar with this notation. He should note that the order 
in which the suffixes occur in these equations is exactly the same as in Eqns. 
(2-11), so that equations for the three-dimensional case can be written down 
by inspection. This form of notation offers little advantage while working in 
two dimensions, but is indispensible when working in three. It enables the 
mathematical techniques of matrix and tensor algebra to be applied to this 
type of problem, and is introduced at this stage so that the student may 
become familiar with it. 

We can now solve the original problem of the effect of rotation of axes on 
the specification of strain. From Egns. (2-11), the coordinates of a point 
before and after deformation can be expressed in terms of the state of strain. 
Using Eqns. (2-15) we can find the coordinates of the point with respect to the 
new system of axes. Using Eqns. (2-3), these transformed coordinates can be 
expressed in terms of the state of strain in the new system of axes. 

It is convenient to consider the particle S in Fig. 2-11 lying on the OX, 
axis of the new system of coordinates. On deformation, the lines of particles 
coincident with the axes OX, OY, and OX, will be displaced to OX’, OY’, 
and OXj, respectively, and the particle S will be displaced to S’. The co- 
ordinates (x},y,) of S’ in the OX,, OY, system of axes are given by the 
equations 


Ege = (X1/%1) — 1 (2-16a) 

f1y2 = (y3/%1) (2-16b) 

where x, is the distance along OX, of the particle S before deformation, and 
Exan aNd €1,, are strains measured in the OX,, OY, system of axes. 

Also, from Fig. 2-11, 

eas Ales (2-17a) 

Y =X lay (2-17b) 

where (x,y) are the coordinates of S in the OX, OY system of axes. Applying 


Eqns. (2-15) to the coordinates of the point after deformation, and substituting 
for x’ and y’ from Eqns. (2-11) gives 


V1 = (x Pixtae t VE wu) oe 9 (y + XEyq + Vey ly 
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Substituting from Eqns. (2-17) for x and y, rearranging, and using Eqns. 
(2-16) gives 
Elya = (le ot looton ae Leven) bys -F dP + bibs i [tae (2-18b) 
From Fig. 2-10 
Lg = COS O Ly = sin 8 


Ly = cos 6 and Lg = —sin 6 
Substituting in Eqns. (2-18) and simplifying gives 


E1yn = Egy COS? O + €,, sin? 0 + e,, sin 20 (2-19a) 


Eiye = Egy COS 20 + F(Eyy — Eqn) Sin 20 (2-19b) 


Fig. 2-12 


To determine ¢,,, and ¢,,,, the substitution 6 = 6 + 47 can be made in 
Eqns. (2-19a) and (2-19b). This will give the strains measured on an axis at 
an angle of $7 to OX,, which is OY,. Substituting in Eqn. (2-19a) gives 


E1yy = Ege Sin? 0 + €,, Cos? 0 — e,, sin 20 (2-19c) 


Before substituting 6 = 0 + 47 in Eqn. (2-19b), it must be remembered that, 
not only does this have the effect of rotating OX, (Fig. 2-11) to OY,, but 
OX{ will also be rotated through a right angle. The resulting equation will 
therefore give a positive strain if a point on the positive OY, axis is displaced 
in the direction of the negative OX, axis. This is contrary to the sign con- 
vention, and therefore — ¢,,, is substituted for ¢,,,in Eqn. (2-19b) when 8 + $2 
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is substituted for 9. This gives 


Ejay = Lyx 


In Fig. 2-11, the angle 6 is formed by an anticlockwise rotation of the axes, 
and Eqns. (2-19) only relate to angles formed by rotation in this direction. 
We can show this by considering the result of clockwise rotation of the axes 
as in Fig. 2-12. The two sets of axes are the same as those in Fig. 2-11, and 
hence the direction cosines are unaltered. Equations (2-18) are therefore 
still valid. However, if the direction cosines are expressed in terms of the 
angle 6 in Fig. 2-12, then 


Lm = COS O Ly = cos 0 
Lo —sin.@, and? ~——s/,,. = sin. 
(whereas previously /,.,, = sin @ and /,, = —sin 0, the other direction cosines 


being the same). Substituting these values in Eqns. (2-18) will not lead to 
Egns. (2-19). 

In deriving Eqns. (2-19) we have used the method which must be followed 
when working in three dimensions. The pattern in the order of suffixes 
enables us to use a form of shorthand notation which considerably reduces 
the number of algebraic terms to be written down. Using this notation 
we can solve the problem very elegantly for three dimensions. 

However, if we are working in only two dimensions, a shorter derivation 
is possible, which will now be given. The student intending to go on to more 
advanced work is, however, recommended to become thoroughly familiar 
with the method already given; he will then only have to master the shorthand 
notation to understand the three-dimensional proof when he encounters it. 

If, in Fig. 2-11, we draw the line AB, it will be seen that 


x, = x’cos6+ y’ sin 0 
From Egns. (2-11) 


Xf = (X + XEge + VEgy) COS O + (y + XEyq + YEyy) Sin A 


Therefore, since x, = x/cos 6 and y/x = tan 0 


t 
x ‘ ; 
= 1+6¢,,sin 26 + ¢,, cos’ 6 + €,, sin” 6 
xy 
Now 
x4 
——1= &1¢ 
xy 
and so 


E1ny = Eqn COS? O + &,, Sin? 0 + &,, sin 20 


which is the same as Eqn. (2-19a). Equations (2-19b) and (2-19c) can be 
derived similarly, and are left as exercises for the student. 
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2-10 Principal axes of strain and principal strains 

Let us now consider Eqn. (2-19b), which describes the variation in shear 
strain as the axes are rotated. From this equation, the shear strain will be 
zero at an angle 6 given by 


ay 


tan 20 = (2-20) 


Whatever the values of ¢,,, &., and ¢,,, the value of the right-hand side of 
this equation must lie between +00, i.e., there is always one value of 6 
between 0 and 47 which satisfies this equation. 

In other words, whatever the state of strain in a sheet of material, one 
particular set of axes can always be found with respect to which the shear 
strain is zero. Since the shear strain is a measure of the change in angle 
between two lines of particles which were initially perpendicular, this means 
that there is always one pair of lines which are mutually perpendicular 
before and after straining. 

Although we have reached this conclusion only from equations developed 
for small strains in a two-dimensional lamina, it can also be proved for 
three-dimensional bodies, and for large strains. Hence, it can be generally 
stated that, for any strained body, there exists one set of mutually perpendicular 
lines of particles which were mutually perpendicular before deformation. 
These are, of course, different for different states of strain, and are called the 
principal axes of strain. With respect to this particular set of axes, and to 
this set alone, the state of strain in a three-dimensional body can be completely 
defined by only three numbers—the extensional strains along the principal 
axes, known as the principal strains. To avoid confusion, we will denote 
principal strains by the use of a single suffix. When the principal axes are 
known, they are usually taken as the coordinate axes—for example, if the x 
axis is a principal axis, then ¢, is the principal strain along it. 

The analysis of stress and strain is greatly simplified if the principal axes 
can be located. For small strain in a two-dimensional lamina we can do this 
using Eqn. (2-20). The same equation can be used for a three-dimensional 
problem, if we know one of the principal axes. Location of principal axes 
for the general case of three-dimensional strain, and for large strains, is a 
much more difficult problem and will not be dealt with here. 


2-11. Mohr’s circle construction 


There is a graphical method of illustrating Eqns. (2-19), known as Mohr’s 
Circle Construction, which provides a simple means of locating the principal 
axes and determining the principal strains for small, two-dimensional 
strain. On a sheet of graph paper a horizontal axis OX is drawn (Fig. 2-13), 
representing the extensional strains ¢,, and ¢,,; the vertical axis OY represents 
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Yi 


R (Bios > is, 


(255 sexy) > 


Fig. 2-13. Mohr’s circle construction 


the shear strain «,,. A point, A, is marked on OX at a distance equal to 
3 (Eng + €y,) from the origin. Points P and Q are marked with coordinates 
(Ene;—Exy) and (E€,,,€,), fespectively, and a circle is drawn, centre A, diameter 
PQ. The angle between PQ and the x axis, formed by an anticlockwise 
rotation of P to X, is 2¢. The circle intersects the x axis at B and C. It can 
be shown that principal axes of strain are at an angle ¢ (formed by anti- 
clockwise rotation) to the axes used to define the strain. By rotating the axis 
through this angle we have the x principal axis, and it can also be shown that 
the principal strains ¢, and e, are given by the coordinates of C and B, 
respectively. 
The validity of the construction can be verified as follows. 


(a) Directions of principal axes 
From Fig. 2-13 


tan26=MP/AM AM=3(e,—¢,) and MP=é,, 


Hence 
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Thus, from Eqn. (2-20), ¢ must be the angle between the principal axes and 
the axes used to define the strain, the angle being formed by an anticlockwise 
rotation of the latter axes. 


(b) Magnitudes of principal strains 
Rewriting Eqns. (2-19) 


Eran = ¥(Exe + Evy) + $ (Exe — Eyy) COS 20 + €,, Sin 20 (2-21a) 
Evy = Ene + Evy) — H(Exn — Ey) COS 20 — &,,8in26 — (2-21b) 
If 6 in Eqns. (2-21) is put equal to ¢, then ¢,, and ¢,, become principal 
strains, ¢,,,, being labelled ¢, in the construction. Whence, substituting for 
F(Eqe + yy), etc., from Fig. 2-13 in Eqn. (2-21a), 
&, = OA + AM cos 2¢ + MP sin 2¢ 
= OA + AN + NP = OA + AP = OA + AC 
= OC 
Similarly, from Eqn. (2-21b), 
é, = OA — AC = OB 
We can also solve the converse problem. If the principal strains ¢, and e, 
are given, we can mark the points A, B, and C on Fig. 2-13 and draw the 
circle. The strains on axes at an angle @ anticlockwise to the principal axes 
are determined by drawing the diameter RS in Fig. 2-13. On the new axes, 


Eqns Eyy, aNd €,, are given, respectively, by the x coordinates of R and S, 
and the y coordinate of S. 


We can show this to be true by applying the condition that «,, and ¢,, 
are principal strains, i.€., &., = &, Ey, = &, Ex, = 0, to Eqns. (2-21), giving 


Erm, = $(€, + &) + He, — €,) cos 20 (2-22a) 
Ewy = H(z + &) + (Ee, — ey) Sin 26 (2-22b) 
Eipy = $(€, — €,) Sin 20 (2-22c) 


for the strains, with respect to axes at angle @ to the principal axes. Now in 
Fig. 2-13 


OA = #(¢, + &,) 
AR = AC = te, — &,) 

Therefore AR, = }(¢, — €,) cos 26 and from Eqn. (2-22a) \ 
1a, = OA + AR, = OR, 


which is the x coordinate of R. The values obtained for ¢,,, and ¢,,, from the 
construction can similarly be shown to be correct. 


It follows directly from the above that, if we are given the strains with 
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respect to any one set of axes, enabling the points P, A, and Q to be marked 
and the circle to be drawn, then the strains with respect to any other set of 
axes inclined to the first at an angle y (measured anticlockwise) can be 
determined by drawing a diameter to the circle at an angle 2y to PQ (measured 
anticlockwise). 

Certain other facts follow directly from this,construction. We have shown 
that «,, and ¢,, are given by the x coordinates of the opposite ends of a 
diameter PQ. Hence, when «,, is a maximum, ¢,, is a minimum, and these 
maximum and minimum values are obtained when this diameter lies along 
the x axis, i.e., they are the principal strains. Similarly, the maximum 
numerical value of the shear strain is obtained on axes at 45° to the principal 
axes (i.e., when PQ is vertical in Fig. 2-13). This maximum shear strain is 
given by the radius of the circle, which, from Fig. 2-13, is 


[2 (Ese - Eyy) te on we 
where €,,,, €y,, and é,, are the strains on any one set of axes. If the principal 
strains are known, the above expression becomes 3(e, — ¢,). Furthermore, 
at this angle, the extensional strains are equal and are given by the x coordi- 
nate of the centre of the circle, which is 4(e, + e,). Thus, if the principal 
strains are of equal magnitude, but of opposite sign, this coordinate will be 
zero and so, on axes at 45° to the principal axes, the extensional strains would 
be zero and the shear strain numerically equal to the principal strains. This 
particular kind of strain is known as pure shear. 


2-12 Worked example 

Coordinate axes are drawn in a sheet of material which is then subjected to a 
state of strain given by ¢,, = 0-005, «¢,, = 0-003, ¢,, = &, = —0-002. The 
origin of coordinates occupies the same position in space before and after 
deformation. Calculate: 


(a) The coordinates after deformation of a particle initially at the point 
fae3). 

(b) The strains on axes at an angle of 30° anticlockwise to the given axes. 

(c) The directions of the principal axes and the magnitudes of the principal 


strains. 
(d) The directions of the axes on which shear strain is a maximum, and the 


strain components on these axes. 
(e) The change in angle between the line of particles lying along the 
original x axis and a line at 30° to it before straining. 


(a) From Egns. (2-11), if (x’,y’) are the coordinates of the point after 


deformation, 
x’ = (1 + 0:005) — (3 x 0-002) = 0-999 


y’ = (3 — 0-002) + (3 x 0-003) = 3-007 
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(b) From Eqns. (2-19), if OX, is the new axis at 30° anticlockwise to OX, 
and OY, the new y axis, 


Eine = 0°005 cos? 30° + 0-003 sin? 30° — 0-002 sin 60° = 0-00277 
€1,, = 0-005 sin? 30° + 0-003 cos? 30° + 0-002 sin 60° = 0-00523 
Eye = Erm, = —0°002 cos 60° + 4(0-003 — 0-005) sin 60° = —0-001865 


(c) From Eqn. (2-20), the principal axes are at an angle @ anticlockwise 
to the coordinate axes, given by 


—2(0-002) 


tan 20 SS ee es 
(0-005 — 0-003) 


Therefore 
= 58°17’ 


If the axis at 58°17’ anticlockwise from the x axis is called the x principal 
axis, then from Eqns. (2-19), 


&, = 0-005 cos? 58°17’ + 0-003 sin? 58°17’ — 0-002 sin 116°34’ = 0-00176 
Ey = 0-005 sin? 58°17’ + 0-003 cos? 58°17’ + 0-002 sin 116°34’ = 0-00624 


(d) The shear strain is a maximum on axes at 45° to the principal axes, 
i.€., on axes at an angle of 13°17’ anticlockwise to the coordinate axes. 


The shear strain is $(€, — &,) = —0-00224 


0-002 


0-001 


—0-001 


Fig. 2-14. Mohr’s circle for worked example 2-12 
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The extensional strains, which are equal, are 
$(e, + €,) = 0-004 


(e) Since ¢,, = —0-002, the line of particles initially along the positive x 
axis will rotate through 0-002 radians towards the negative y axis. (For small 
strain, the shear strain is equal to the angle of rotation of the axis in radians. 
Since the shear strain is negative, a positive axis is displaced towards a 
negative.) 

From the solution of part (b), the line of particles at 30° to the positive x 
axis will rotate through 0-001865 radians towards the negative y axis. Hence, 
the angle between the two lines will be increased by 0-000135 radians. 

It is instructive to draw Mohr’s circle for this problem (Fig. 2-14). The 
points P, A, and Q are marked according to the instructions in Section 2-11. 
Then the strains on axes at 30° anticlockwise to the given axes are obtained 
by drawing the line RS, the coordinates of R being (&,,,—&1,.,) and of 
S(E1yy:€1m,). The x principal axis is formed by rotating the x axis anticlock- 
wise through $ Z PAC, and e, and «, are given by the x coordinates of C and B 
respectively. If the given axes are rotated anticlockwise through 47 PAN, 
axes will be obtained on which shear strain is a maximum, and on these 
AXES €,,, Ey,, and €,, are given by the coordinates of N(é,.,—€,,) and M(é,,,E,)- 


Relevant exercises: Nos. 2-4 to 2-10. 


2-13 The strain ellipsoid 

We have now seen that, for small strains in a two-dimensional sheet, the 
state of strain can be completely specified by two principal strains. It has 
also been stated that a similar result holds for three-dimensional bodies and 
for large strains. We will now calculate the change on straining in the 
position of the particles of a body with respect to the principal axes, and in 
terms of the principal strains. We could use Eqns. (2-19) for this, but we can 
derive the answer quite easily from first principles. 

Consider a particle at P (Fig. 2-15) in a sheet of material to which uniform 
strains ¢, and ¢, are applied with respect to the principal axes OX and OY. 
The particle will be displaced to P’, and the lines of particles PP, and PP, 
will be displaced to P’P; and P’P’, respectively. Since OX and OY are the 
principal axes, the lines of particles defining their directions will remain 
mutually perpendicular after deformation. Hence, the particles forming the 
rectangle OP,,PP, will, on deformation, form the rectangle OPER, (Section 
2-7). 

From Eqns. (2-3) 

x’ = x(1 + «,) (2-23a) 


y' = y(1 + 6,) (2-23b) 
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Fig. 2-15 The strain ellipsoid 


From Fig. 2-15 
x=rcos@ and y=rsin6 


Substituting in Eqns. (2-23) gives 


x’ =r(1 + «,) cos 0 (2-24a) 
y =r(1 + «,) sin 0 (2-24b) 


Now suppose that P lies on the circular arc AB, then x’ and y’ are the 
coordinates after deformation of particles lying initially on a circular arc. 
In this case, r is a constant, and @ can be eliminated between Eqns. (2-24a) 
and (2-24b) giving 
x be 2 
———.  —>——__=r 
(i 6.) (lie) { 


as the equation of the arc A’B’ after deformation. This represents an ellipse 
whose major and minor axes coincide with the coordinate axes, which are 
the principal axes of strain. If r is made equal to unity, the lengths of the 
major and minor axes are equal to the principal strains added to unity. A 
similar result can be proved for three-dimensional bodies, and so we can 


(2-25) 
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state that a sphere drawn in a body becomes an ellipsoid after straining, the 
principal axes of which coincide with the principal axes of strain. If the 
sphere is of unit radius, the lengths of the principal axes are equal to unity 
plus the principal strains. This ellipsoid is known as the strain ellipsoid; 
it provides a convenient illustration of the changes in shape and size of a 
body on straining. ; 

Referring again to Fig. 2-15, if ¢ is the angle between the radius vector to 
the particle and the x principal axis after deformation, then 

Eee fy 
tan ¢ oeriacs. tan 6 (2-26) 
This equation gives the rotation, on straining, of a line drawn in the body. 
If r’ is the length after deformation of a radius vector which was of unit 
length before deformation, then, from Fig. 2-15 and Eqn. (2-25), 
2 See 
cos” sin” otek (2-27) 
(neg (lite) gir 
which is the equation of the strain ellipsoid in polar form. 

From Eqns. (2-26) and (2-27) we can calculate the displacement on strain- 
ing of any particle. Equation (2-27) gives the change in length of the line 
joining the particle to the origin of coordinates and Eqn. (2-26) gives the 
rotation of the line. Furthermore, we can use these equations to calculate the 
strain on axes inclined to the. principal axes—the extensional strain from 
Eqn. (2-27), and the shear strains from Eqn. (2-26). 

Our conclusions on the strain ellipsoid have been derived from Eqns. 
(2-3) and so only apply to small strain. It can, however, be shown that a 
sphere still becomes an ellipsoid after large straining and that the principal 
axes of this ellipsoid are the principal axes of strain. 

For large strain, it is convenient to define the extension ratio, which is the 
ratio of the length of a line of particles in the deformed body to its length 
before deformation. 

If the sphere drawn in the unstrained body has unit radius, the length of a 
radius vector of the strain ellipsoid will give the extension ratio of the line of 
particles lying along this vector. The lengths of the principal axes are called 
the principal extension ratios. 

In previous sections, strain has been specified as a group of numbers, 
and whilst this is convenient mathematically it gives no visual picture of the 
state of strain. The strain ellipsoid, however, is a geometrical concept and so 
enables the state of strain to be visualized. If one imagines a sphere of unit 
radius to be drawn in the body before straining, the strain ellipsoid gives the 
size and shape assumed by this sphere after straining. The remaining 
sections of this chapter will develop the application of this concept to the 
analysis of strain. 
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2-14 Strain ellipsoid for equal principal strains 
Suppose a sheet of material is strained so that the principal strains are equal. 
Then 


Ey = &y = E 


Substituting this in Eqn. (2-25) gives the equation of the strain ellipse for 


this type of strain as 
x? + y? = (1 + «€)? (2-28) 


if r equals unity. This is the equation of a circle of radius 1 + e. 

We can see that all particles equally distant from the origin of coordinates 
before deformation must still be equally distant afterwards, whatever the 
orientation in the sheet of the line joining the particle to the origin (in other 
words, the extensional strain in all radius vectors is equal). Also, since the 
strain ellipse is a circle, the principal axes, which are the major and minor 
axes of this ellipse, are not uniquely determined. Hence any pair of mutually 
perpendicular axes can be chosen as principal axes. 

This second conclusion can also be deduced in another way. From Eqn. 
(2-26), if the principal strains are equal, ¢ = 0. This means that when the 
sheet is deformed the rotation relative to the principal axes of all lines of 
particles, whatever their orientation, will be zero. It therefore follows that 
the angle between any pair of lines will remain unchanged and so the angle 
of shear between any pair of axes will be zero. Since principal axes are 
defined as those for which the angle of shear (or the shear strains) is zero, it 
follows that any pair of mutually perpendicular axes can be chosen as 
principal axes. | 

A similar result holds for three-dimensional bodies in which the three 
principal strains are equal. In this case a sphere drawn in the body becomes a 
sphere of different radius on straining and the three shear strains are all zero, 
whatever axes are used to measure them, i.e., the size, or volume, of the sphere 
changes, but not its shape. 

This special kind of strain is called dilatation, and since only changes in 
volume are involved it can be specified by one number only, called the 
dilatational strain, A, and defined as 


change in volume 


original volume 


Another quantity which is useful in defining the dilatational strain is the 
principal strain in dilatation, eq. . : 

From Eqn. (2-28), if a sphere of unit radius is drawn in an unstrained 
body, after dilatation its radius is 1 + eg. Therefore, from the definition of 
dilatational strain, 


ite $n(1 + éa4) — 37 


4 
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If the strains are small, second and higher order terms in eq can be neglected, 
giving 
A = 3&4 (2-29) 

It is instructive to consider the relative movement of particles of the material 
during dilatational strain. In Fig. 2-16 the solid circles represent particles 
lying on a square lattice before deformation. The body is then subjected to a 
dilatational strain with OX and OY as principal axes, the particle O occupy- 
ing the same position in space before and after deformation. From the 
preceding discussion, the directions in space of the lines of particles OY, OA, 
OB, OC, etc., will not change on deformation and the extensional strains 
along all such lines will be the same. So we can locate each particle after 
deformation. The positions are indicated by open circles, and we can see 
that after deformation the particles remain on a square lattice, larger than 
the original one. 

Hence, in dilatational strain, the distance between particles will increase 
but the angles between lines of particles will not change. On the atomic 
scale, this means that, if the atoms of the material are packed in a regular 
crystalline pattern, dilatational strain will increase their spacing but will not 
change the angle between the crystal axes. This conclusion is important for 
interpreting the elastic properties of matter in terms of molecular structure. 

All the conclusions in this section apply equally to large and small strains 
except Eqn. (2-29), which was derived using a small strain approximation. 


> 


Fig. 2-16 Relative displacement of particles in dilatation 
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2-15 Strain ellipsoid for pure shear 

In Section 2-11 we defined pure shear as the state of strain which occurs in a 
two-dimensional sheet when the principal strains are of equal magnitude but 
of opposite sign. As a corollary, it is shown that, if the strain is referred to 
axes at 45° to the principal axes, the extensional strains are zero and the 
shear strain numerically equal to the principal strain. This state of strain is 
not necessarily restricted to two-dimensional sheets. It can occur in a three- 
dimensional body if the third principal strain is zero. According to this 
definition then, pure shear is the state of strain represented by the principal 
strains ¢, —é, 0. 

It is important to realize that this definition, and its corollary, is true only 
for small strain. The more general definition, true for large or small strain, 
states that pure shear is the state occurring when the principal extension 
ratios of the strain ellipsoid are «,f 1/a, 1. If strain is small, Eqn. (2-3) can 
be used to relate the extensional strain to the extension ratio «, giving 


a=Il+e and 1/x = 1/1 + «) 


Powers of « higher than the first can be neglected, and so, by a binomial 
expansion, 
/d+e=l—-—e 


The two definitions are therefore equivalent at small strain. 

The volume of a sphere of unit radius drawn in a body before straining 
will be $7, and its volume after straining in pure shear will be the volume 
of the strain ellipsoid, which is 


Feo 
3 m 
and is equal to $7. 

Thus the volume of a body is unaltered by pure shear, so the dilatational 
strain is zero. This is true for both large and small strain. 

Let us consider the relative movement of the particles of a body subjected 
to a small strain of this type. The position of particles which lie on a square 
lattice before straining are shown by the solid circles in Fig. 2-17. The body is 
strained so that the non-zero principal strains lie in the plane of the diagram 
and at 45° to the lines of particles OX and OY. The zero principal strain is 
therefore normal to the plane of the diagram, and so the plane of particles 
shown will not be displaced relative to other parallel planes. Since the lines 
of particles OX and OY are at 45° to the principal axes, they will rotate 
towards each other during straining, and since strain is small, their lengths 
will remain unchanged. After straining, let the body be rigidly rotated so that 

} The symbol 4 is more frequently used for extension ratio in English texts, but this 


symbol is used for another quantity in Chapter 4. The symbol « is used in the United 
States. 
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Fig. 2-17 Relative displacement of particles in shear 


OX occupies the same direction in space as it did before straining. Since this 
line is unextended, each particle on it will then occupy its original position in 
space. The straining and rigid body movement will have caused OY to 
rotate through an angle of shear y to OY’, where y is equal to twice the shear 
strain. Since the strain is uniform, all other lines of particles such as AB and 
CD, which were initially parallel to OY, will be rotated through the angle y 
to AB’, CD’, etc., parallel to OY’. Hence the array of particles form a 
parallelogram lattice. 

We are faced now with an apparent contradiction. By our definition of 
pure shear, the lines of particles OY’, etc., will be unchanged in length, so the 
perpendicular distance between YE and OX must decrease slightly on strain- 
ing. But we have seen that, in pure shear, the volume of a body does not 
alter, so this perpendicular distance cannot change. 

However, the definition is an approximation valid only at small strains, for 
which the change in length of OY is negligible. At large strains, lines at 45° 
to the principal axes change in length, and so the difficulty does not arise. 

The deformation shown in Fig. 2-17 is a pure shear strain plus a rigid body 
rotation, so that instead of the directions in space of the principal axes 
remaining unchanged on straining (as they do in pure shear), the directions 
of lines of particles at 45° to these axes remain unchanged. Such a deforma- 
tion is called simple shear. This definition is, however, valid only for small 
strain. At large strains, the rigid body rotation is such that the direction in 
space of a line unextended by straining remains the same as that before 
straining. This line is at 45° to the principal axes only for small strains. 

Usually, simple shear is defined as the deformation shown in Fig. 2-17, 
in which the length OX and the perpendicular distance between OX and YE 
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both remain constant (as will the volume). This definition is true for small 
or large strain. 

Pure and simple shear differ only by a rigid body rotation. In pure shear, 
the directions of the principal axes remain fixed, whereas in simple shear the 
direction of the line OX remains fixed. 

In pure or simple shear, parallel lines of particles (or, in three-dimensional 
bodies, sheets of particles) slide over each other, their perpendicular separa- 
tion remaining constant. On the atomic scale this means that, if the atoms are 
packed in a regular crystalline pattern, then, in pure or simple shear, deforma- 
tion occurs by parallel sheets of atoms sliding over each other. This is another 
important conclusion for interpreting elastic properties in terms of molecular 
structure. ; 


2-16 Deviatoric strain 


By definition, pure shear is a type of deformation which can take place only 
in two dimensions; the third principal strain must be zero. For this type of 
deformation the dilatational strain is zero, but this is not the only way to 
achieve zero dilatation; it can be caused by other types of strain for which the 
third principal strain is not necessarily zero. Any strain which causes zero 
dilatation is called a deviatoric strain. Since dilatation changes only the 
volume of a body, a deviatoric strain must change only its shape. We will see 
later that it can be represented by two pure shears applied simultaneously, 
each to a different pair of principal axes. 


2-17 Analysis of strain into dilatational and deviatoric 
components 
Two special types of strain have now been defined; dilatational and devia- 
toric. We can show that any type of strain can be resolved into these com- 
ponents, as follows. 
In Fig. 2-18, (a) represents a sphere of unit radius drawn in a body before 
straining, and (c) represents the ellipsoid into which this sphere is transformed 


Vol. = 42/3 Vol. = 4x(1+e,)3/3 
(a) (b) 


Vol. = 4x(1+2,) (1 +¢,) (I+e,)/3 
(c) 


Fig. 2-18 Strain applied in two stages 
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by straining, the principal strains being ¢,, ¢,, ¢,. 


. Let this straining take place 
in two stages: 


In stage 1, a dilatational strain eq is applied to produce a sphere of larger 
radius, as in Fig. 2-18b. Let the magnitude of this dilatational strain be 
such that the volume of the sphere in (b) is equal to that of the ellipsoid 
in (c). 

In stage 2, a deviatoric strain is applied to the sphere in (b) to produce the 
ellipsoid in (c). 


The vector representing the displacement of any particle during the strain 
from (a) to (c) can be regarded as the sum of two component vectors—the 
displacement during the dilatational strain from (a) to (b) and the displace- 
ment during the deviatoric strain from (b) to (c). However, although these 
displacements can be regarded as components of the total displacement, the 
strains can only be regarded as components of the total strain if they are small. 
This can be shown as follows. For a given particle, let the strain from (a) 
to (b) be A, then from Egn. (2-8) and Fig. 2-6 


displacement vector (a) — (b) = A x position vector (a) 
Similarly, for the same particle, let the strain from (b) to (c) be B, then: 
displacement vector (b) — (c) = B xX position vector (b) 


The terms ‘position vector (a)’ and ‘position vector (b)’ refer to the vector 
from the origin of coordinates to the particle at stages (a) and (b) respectively. 

Now suppose that, instead of applying strains A and B successively to the 
particle, we applied a strain A + Bin one operation. The vector representing 
the displacement would then be given by 


(A + B) xX position vector (a) 
which may be written as the vector sum 
[A x position vector (a)] + [B x position vector (a)] 


The first of these vectors is the displacement vector (a)— (b), but the 
second is not the displacement vector (b) — (c). 

So the result of applying strains A and B successively to a body, as in 
Fig. 2-18, is not the same as that of applying strain 4 + B in one operation, 
ie., strain is not a superposable quantity. Superposability is a necessary 
condition for an operation to be broken down into component parts. Other- 
wise, not only will the effect of performing the operation in one stage differ 
from the effect of performing its components successively, but the order in 
which the components are performed will also be important. However, it 
also follows from the above argument that, if the position vector (a) is not 
significantly different from the position vector (b) (i.e., the strain is small), 
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then strain becomes a superposable quantity. We can show this by a simple 
example. ; 

Suppose a thin filament of unit length is given a strain &; along its axis. 
Its length will become 1 + «,. If it is now given a strain é>, its length will 
become [by Eqn. (2-3)] 


(1 + €)(1 + é2) or 1 + &, + & + ey €p. 


However, if a strain ¢, + ¢, was applied in one operation, its length would 
become 1 + ¢, + &. Hence, these strains are not superposable unless ¢,é, 
is negligible compared with ¢, + 2, which is only the case if the strains are 
small. 

So we can say that, provided the strains are small, a dilatational strain A 
and a deviatoric strain B can be regarded as components of a total strain C, 
so that 

A+B=C 


and the effect of applying strains A and B successively is the same as that of 
applying C in one operation. 

In this expression A, B, and C are second rank symmetric tensors, and the 
addition must be done as follows. Suppose the elements of one tensor referred 
to a particular set of coordinate axes are €,, 2, etc., and the elements of 
another referred to the same coordinate axes are €},, €,5, etc. It can be shown 
that the elements of the tensor sum of these two are €; + €,, €5 + &», etc., 
referred to the same coordinate axes. In this book we are concerned only 
with adding states of strain whose principal axes coincide, and which are 
described by their principal values. It follows from the above rule for tensor 
addition that the principal axes of the resultant strain will coincide with 
those of its components, and the resultant principal strain along any axis 
will be equal to the sum of the principal values of the components along the 
same axis. This is shown in Fig. 2-19, in which the heads of the arrows of 
unit length drawn from the origin represent the points where a sphere of unit 


Fig. 2-19 Addition of strains with the same principal directions 
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radius drawn in the undeformed body would intersect the principal axes. 
The lengths of the short arrows, labelled Eq1, etc., therefore represent the 
principal strains. Figure 2-19(a) represents the strain ellipsoid and principal 
strains resulting from applying strain A, and (b) represents strain B, with 
coincident principal axes. In (c), the principal strains are added to give the 
strain ellipsoid resulting from applying strain A + B. 

To return now to Fig. 2-18, we have seen that if the strain applied between 
stages (b) and (c) is deviatoric, then the volume of the sphere in (b) equals 
that of the ellipsoid in (c). That is, 


g7m(1 + eg)? = $7(1 + «,)(1 + ¢,)(1 4+ ©,) 
Neglecting second and higher order terms in € gives 


Eq = $(Ey “ Ey ot é,) (2-30) 
and, from Eqn. (2-29), 


A=e+e2+ 8, (2-31) 


A in Eqn. (2-31) is the dilatational strain applied in the stage (a) to (b); 
éq is the principal strain in dilatation applied in this stage. Since the stage 
(b) to (c) is entirely deviatoric, these quantities are alternative means of 
representing the dilatational component of the total strain represented by the 
principal strains ¢,,, €,, &,. 

It is shown in Section 2-14 that in dilatation any set of axes can be chosen 
as principal axes. If, therefore, principal axes are chosen that coincide with 
those of the final state of strain, then the principal values of the deviatoric 
strain component can be found by subtracting eq from «,, ¢,, and e,. The 
symbols €,4, €,q, and é,q are used to denote the deviatoric components obtained 
in this way. Then, from Eqn. (2-30), 


Exq = 3(2¢, ree Cy oe E,) (2-32a) 
Evga = 4(—é, + 2€y-— &,) (2-32b) 
Ezq = +(—<, Be, S 28) (2-32c) 


If this is a deviatoric strain, then the dilatation occurring when it is applied 
should be zero. From Eqn. (2-31), the dilatation is equal to the sum of the 
principal strains, and can be found by adding together Eqns. (2-32). This 
gives 

Ema + Eya + Exq = O (2-33) 


showing that the dilatation is, as it should be, zero. 

The deviatoric component of the strain can be further analysed into pure 
shears. To prove this, we need, first of all, to show that a deviatoric strain 
can be produced by simultaneously applying three pure shears, one in each 
of the principal planes. (A principal plane is the plane containing two 
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Fig. 2-21 Analysis of deviatoric strain into pure shears 
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principal axes.) We use the definition of small pure shear from Section 2-15 
(i.e., it consists of two principal strains of equal magnitude but opposite 
sign, the third principal strain being zero). Three such shears are shown in 


Fig. 2-20, and superimposing them gives the principal values of the resultant 
strain as , 


E, = & — & (2-34a) 
fy 61 — es (2-34b) 
&, = 5 — & (2-34c) 


(€,, €y, and e€, are positive when outward acting.) Adding these equations, 
we obtain 


& +é& +¢,=0 


which is the condition for deviatoric strain. 

So we can write ¢,,, €,,and ¢,in Eqns. (2-34) as é,4, &,g, and ¢,4, respectively, 
and substitute in Eqns. (2-32), which can then be solved for &, ¢,, and és. 
But there is no unique solution. Four different possible solutions are shown 
in Fig. 2-21, which all represent different ways of analysing the deviatoric 
component of the total strain into pure shears. 
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Fig. 2-22. Analysis of strain into dilatational and deviatoric components 


Figure 2-22 summarizes the conclusions from this section. The figure 
shows the analysis of a general state of strain ¢,, ¢,, €, into dilatational and 
deviatoric components. The component of each principal strain due to 
dilatation is given by Eqn. (2-30), and that due to deviatoric strain by Eqn. 
(2-32). The deviatoric strain can be further broken down into pure shears, 
but this cannot be done uniquely, and various possible methods are illustrated 
in Fig. 2-21. 


+ This figure, and subsequent ones, are to be interpreted similarly to Fig. 2-19, the strain 
ellipsoid and unit arrows being omitted for simplicity. The arrows remaining represent the 
principal strains, as did the equivalents in Fig. 2-19, and the lengths of those along the same 
principal axis can be added to give the resultant principal strain. 
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2-18 Restriction to small strain 


In previous sections we have been concerned with states of small strain and 
only at a few points have we extended the discussion to include large strain. 
The restriction to small strain is very important and we will now consider its 
implications at the various points at which it has been introduced. 

It was first introduced in Eqns. (2-3), which give the displacements along 
the coordinate axes of points originally lying on these axes, in terms of the 
strain components. We use these equations frequently in this chapter, and at 
all points the restriction to small strain is introduced. For this reason Eqns. 
(2-12) giving the displacement of a point not lying on the coordinate axes, 
and Eqns. (2-19) (and Mohr’s circle construction) giving the strains on axes 
inclined to the original set, are valid only for small strains. 

To be strictly correct we should state that Mohr’s circle construction and 
Egns. (2-19) are valid only when strain is small if the strain components are 
defined as in Eqns. (2-3). The reason for this distinction is that Mohr’s 
circle and Eqns. (2-19) give the effect of rotation of axes on the components of 
any second rank symmetric tensor. Large strain is such a quantity and so 
these equations must be applicable. However, in this case the strain compo- 
nents are defined differently from Eqn. (2-3). 

Although the existence of principal axes was derived from small strain 
equations, the concept is valid at large strains. 

The strain ellipsoid illustrates the deformation of a body at large and 
small strains. However, for large strain the lengths of the principal axes are 
equal to the principal extension ratios, not to the principal strains added to 
unity. The definitions of dilatational strain, of pure shear (Section 2-15), 
and of deviatoric strain are all valid at both large and small strain, but there 
is an alternative definition of pure shear which is restricted to small strain. 
Since we used this to analyse deviatoric strain into pure shears, our analysis 
is invalid at large strain. 

The analysis of strain into dilatational and deviatoric components implies 
that it is possible to superimpose states of strain. Since this is true for small 
strains only, the analysis is thus restricted. The breakdown of deviatoric 
strain into pure shears is restricted to small strains for the same reason, in 
addition to that given earlier. We use the above analyses in Chapter 4 to 


relate stress and strain, and so these relationships can be used only for small 
strain. 


2-19 Worked examples 


1. The principal axes of strain in a sheet of strained material are used as 
coordinate axes; the principal strains are e, and ¢,. A circle of unit radius is 
drawn with its centre at the origin of coordinates, and the strain is then 
released. Determine the equation of the figure which is formed. 
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Consider a point whose coordinates are (x,y) in the unstrained state. On 
straining, its coordinates become (x’,y’), where 


x =x(l+e,) y' =y(1+e,) 
If this point lies on the circle drawn in the strained sheet, then 


Ry ae] 
Substitution gives 


x*(1 + @,)? + y°(1 + 6)? = 1 


and this is the equation of the figure when strain is released. It is the equation 
of an ellipse whose principal axes coincide with the coordinate axes and which 
are of length 1/(1 + ¢,) along the x axis and 1/(1 + ¢,) along the y axis. 


2. A sheet of material is subjected to large pure shear, the principal exten- 
sion ratio being « along the x axis and 1/« along the y axis. Determine the 
angle between the x principal axis and a line of particles which are unstrained 
on deformation 

(a) in the strained state, and 

(b) in the unstrained state. 


The polar equation of the strain ellipsoid is given by Eqn. (2-27), and for 
large strain with the principal extension ratios given this becomes 


2 
cos ; 1 
2 ¢ aL oe sin? d = oT 
a r 


A line of particles unextended by the deformation will have unit length and 
so will be at an angle ¢, given by 


2 
cos’ ats 
Sas +a*sin°d = 1 


Therefore = + «tan? d = =1+tan’¢ 
a 


os’ d 

Simplifying gives tan d = l1/a 

If the angle this line of particles makes with the axis in the unstrained state 
is 9, then, from Eqn. (2-26), 


1/« 


tand=——tanO or tanO=a’tan¢d 
a 


Therefore tand=a 


3. A sheet of material is deformed in large strain so that two lines of particles 
which are mutually perpendicular before straining do not change in length, 
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but so that each rotates towards the same principal axis through the same 
angle. Determine the angles between these lines and the principal axes of 
strain in the unstrained state. 


Let OA and OB (Fig. 2-23) be the lines, and let the circle be drawn in the 


sheet before straining. On straining this will change into the ellipse, but since 
OA and OB do not change in length their ends will lie on the line traced by 


Fig. 2-23 Worked example 2-19(3) 


the circle as well as on the ellipse. Thus they must terminate at A’ and B’, 

the points of intersection of the circle and the ellipse. Hence, by symmetry 
ZA’OX = ZB’OX 

where OX is a principal axis. Therefore 


ZAOX = Z BOX 
But since ZAOX 492 BOX S190" 
LAOX =45° 


Thus in the unstrained state the lines are at 45° to the principal axes. 


Would the same answer be obtained if the lines were allowed to change in 
length? 


Relevant exercises: Nos. 2-11 to 2-14. \ 


2-20 Summary 


(i) With respect to any set of cartesian axes, six quantities, three shear and 
three extensional strain components, are necessary to define strain. Physical 


quantities such as this are known as second rank symmetric tensors (Sections 
2-4 and 2-5). 
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(ii) One particular set of axes can be found with respect to which the strain 
can be completely specified by three extensional strains. These axes are called 
the principal axes of strain, and the three strains are called the principal 
strains (Section 2-10). 

(iii) Small strain can be resolved into dilatational and deviatoric compo- 
nents (Section 2-17). 

(a) The dilatational strain is given by 


A=e+e+e, [Egn. (2-31)] 


(b) The component, ég, of each principal strain due to the dilatational 
component is given by 


Eg = 44 [Eqn. (2-29)] 
(c) The components of each principal strain due to the deviatoric compo- 
nent are given by Eqns. (2-32). 
(d) The deviatoric strain can be broken down into various combinations 
of pure shears, some of which are illustrated in Fig. 2-21. 

(iv) Two principal strains of equal magnitude but of opposite sign, with 
the third principal strain zero, represent a small pure shear. On axes at 45° 
to the non-zero principal strains, and in the same plane, the extensional 
strains are zero and the shear strain is numerically equal to the principal 
strain (Section 2-15). 


EXERCISES 
Sections 2-1 to 2-6 


2-1 In the following table, five different sets of coordinates are given for the 
points P and Q. These points lie on the x and y axes respectively, and x and y 
represent their coordinates. In each case a different state of small strain is applied 
and x’ and y’ are the coordinates after straining. Assuming &,, = &,,, calculate 
the state of strain, and the x coordinate of the point Q. 


Er Q 
x x’ a y, iy 
2-000 2-012 0-004 5-000 4-988 
4-000 4-008 —0-010 3-000 2-996 
6-000 5-980 —0-013 4-000 4-010 
3-000 2-995 0-006 6-000 6-015 
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2-2 P, Q, and R represent points lying on the x, y, and z axes respectively, and 
x, y, and z are their coordinates before deformation. Their coordinates after 
deformation are x’, y’, and z’. In the following table, (a), (b), and (c) represent 
three different states of strain. Fill in the gaps in the table. 


(a) (b) (c) 
5% 3-000 5-000 
Pp x, 4-016 5-005 
y 0-036 
z’ —0-020 
y 2-500 4-000 —3-000 
54 
Q y’ 2-505 —3-006 
ze —0-012 0-006 
Zz 8-000 6-000 2-000 
R ae 0-012 —0-008 
y —0-032 
zt 5-994 
Ee 0-004 —0-005 
Buy 0-003 
ee —0:005 —0-005 
Pn —0-004 0-003 
Eyz 
es 0:0015 


2-3 A square sheet of material has a side of length a. It is deformed by displacing 
one edge of the square a small distance x in a direction perpendicular to its length, - 
the opposite edge remaining fixed in space. Determine the state of strain as meas- 
ured by axes drawn along the diagonals of the square. 


Sections 2-7 to 2-12 


2-4 Coordinate axes are drawn in a sheet of material and a point P is located at 
perpendicular distances of 2cm and 3cm from the x and y axes respectively. 
The sheet is deformed uniformly and rigid body motions are applied so that the 
origin of coordinates occupies the same position in space as previously and 
ee The state of strain is given by ép, = 0-0065, ey, = —0-0034, e, = 
‘0055. 

(a) Calculate the components of displacement of P in the x and y directions. 

(b) Determine the equation giving the positions of points which will not be 
displaced in the y direction. Express this equation so that the points can be located: 
(i) before and (ii) after deformation. 


2-5 The strain in a sheet of material with respect to a given set of axes is €,, = 
0-003, &,, = —0-005, ¢,, = —0:002. The axes are rotated in an anticlockwise 
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direction through an angle 6. Plot graphs of eine, yy, and yay against 0 and 
determine from the graphs the directions of the principal axes of strain and the 
magnitude of the principal strains. 


2-6 (a) Devices are available for measuring extensional strain in sheets of material. 
How many are necessary to determine the state of strain in a lamina and in what 
directions must they be mounted? 

(b) If devices were available for measuring shear strain how many of these 
would be necessary and in what directions would they have to be mounted ? 


2-7 A rectangular sheet of material 15cm by 20cm is deformed uniformly in 
small strain so that its edges are of length 15-030 cm and 20-060 cm respectively. 
The angle between them decreases by 0-010 radian. A hole with straight edges 
and right-angled corners is cut in the centre of the sheet before deformation. 
Determine the angle between the edges of the sheet and the edges of the hole, if 
the corners of the hole remain right angles on deformation. If the edges of the 
hole are initially 1 cm long, calculate their final length. 


2-8 Coordinate axes are drawn in a sheet of material which is then strained. 
Use Mohr’s circle construction to show that the sum of the extensional strains 
along these axes is independent of their direction. 


2-9 In the following problems ¢,,, etc., indicate the strain with respect to one 
set of axes; &,, etc., the strain with respect to axes at angle @ to the first; ¢,, 
etc., the principal strains; and ¢ the angle between the first set of axes and the 
principal axes. 

(a) Given ¢,, = 0-003, ¢,, = —0-004, 6 = 30°, determine ¢. 

(b) Given ¢,, — &,, = 0-0005, ¢ = 30°, find ¢,, and ¢, — éy. 

(c) Given &:2 — yy, = 0-001, e4, = —0-002, & 4, = 00008, 6 = 60°, determine 


Exar, Eyys Exys E1ey» ?, Ex, Ey. 


2-10 Given that for a sheet of strained material ¢,, = 0-008, «,, = 0-001, 
Egy = 0-004, determine 

(a) the principal strains, 

(b) the maximum change on straining in the angle between two initially mutually 
perpendicular lines. 


Sections 2-13 to 2-19 


2-11 In the following table (x,y,z) represent the coordinates of a point in the 
undeformed state, and ¢,, ¢,, €, the principal strains, which are in the directions 
of the coordinate axes. In each case determine the change on deformation in the 
angles (in radians) between the radius vector to the point and the coordinate axes, 
choosing either positive or negative axes so that this angle is less than 4a. 


Be ey Ey x y Zz 
(a) 0-005 0-001 —0:003 3 2 0 
(b) 0-0015 0-005 0-002 0 1 1 
(c) —0-004 0-008 0-006 —2 0 4 
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2-12 A block of material is, when unstrained, in the form of a rectangular paral- 
lelepiped with edges parallel to the x, y, and z coordinate axes and of lengths 
10 cm, 12 cm, and 15 cm respectively. The block is deformed so that the principal 
axes of strain are (1) along the z axis, (2) rotated through 30° from the positive x 
direction towards the positive y direction, and (3) at right angles to (1) and (2). 
The principal strains are «,=5 x 10%, e& = —3 x 10%, e, =2 x 10%. 
Determine 

(a) the change in the angles between the edges, 

(b) the change in the lengths of the edges, 

(c) the change in the volume of the block, 

(d) the deviatoric strain components of the principal strains. 
(For (a) and (b) use the equation for the strain ellipse in polar form.) 


2-13 A square sheet of material with side of length 10 cm is deformed by sliding 
one edge in the direction of its length a distance of 0-5 mm, the opposite edge 
being fixed, and all edges remaining straight and unchanged in length. Determine 
the principal strains and the directions of the principal axes of strain. 


2-14 The principal strains in a deformed body are 1 x 10-%, 2 x 10-3, and 
3 x 10-%. If this deformation is to be achieved in two stages, find the principal 
strains of the intermediate stage in each of the following cases. 

(a) The volume at the intermediate stage is the same as in the undeformed 
state, and the final size is achieved without changing the angle between any pair 
of lines drawn in the body. 

(b) The intermediate stage is achieved from the undeformed state without 
changing the angle between any pair of lines drawn in the body, and the final stage 
is achieved without change of volume. 


3 


Specification of Stress 


3-1 Contact and body forces 

A state of stress is produced in a body when a system of forces acts upon it. 
These forces can be applied in two ways: they can act directly on every 
particle of the body, e.g., gravitational and magnetic forces; or they can 
act directly on the surface and be transmitted indirectly to the interior of the 
body through its constituent particles, e.g., a heavy weight standing on the 
body. The first type of force is a body force; the second type is a surface 
or contact force. Note that the contact force in the example given was pro- 
duced by the body force exerted on the weight by gravitation. 

In this book we are concerned only with contact forces in static equilibrium. 
Also, we consider forces distributed uniformly over areas of the body, but 
for simplicity these are shown in the diagrams as the single, equivalent, 
resultant force. 


3-2 Physical nature of stress 
Consider a body acted upon by a system of contact forces in equilibrium 
[Fig. 3-1(a)]. If the body were cut along the plane shown shaded in the 


(c) F, Fig. 3-1 Internal forces on a stressed body 


FP; 
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figure, the separate halves would no longer be in equilibrium and would 
fly apart. However, before cutting, the portion of the body labelled A is in 
equilibrium, so an internal force F must be exerted on the material in the 
plane P, by the material in the plane P,, such that F, F,, and F, form a 
system of forces in equilibrium. (The two halves are shown separately in 
Fig. 3-1(b) for clarity.) 

In Fig. 3-1 the plane has been drawn with a particular orientation, but the 
same conclusion would follow whatever orientation was chosen. Thus, 
if any plane is drawn in a body subjected to a system of forces, the material 
in this plane will be acted upon by an internal force exerted by the adjacent 
material. The stress is the quantity which enables this internal force to be 
determined. 

Suppose now that, instead of drawing the plane right through the body, 
as in Figs. 3-1(a) and 3-1(b), we consider a small plane area P, [Fig. 3-1(c)], 
which is part of a closed surface drawn in the interior of the body [shaded in 
Fig. 3-1(c)]. The material lying in P, will be subject to a force, f, exerted by 
the adjacent layer of material lying outside the shaded surface. This is the 
force which would have to be applied to P,, if the body were cut through 
along this plane, to hold this portion of the body in equilibrium. We can 
regard it as a contact force acting on the plane, and distributed over its 
surface. We define the stress acting on this plane as the magnitude of the 
force distributed over unit area. If we change the orientation of the plane, 
the magnitude and direction of the force will be changed. To define the 
stress completely, we must know its value on a sufficient number of planes of 
different orientation, in order to calculate the force acting on a plane of any 
other orientation. Our mathematical development of the specification of 
stress is based upon the above definition, which also provides a physical 
picture of considerable help in understanding this development. 

In this chapter, we often consider forces acting on planes drawn within a 
body. These planes are part of a closed surface, and we adopt the conventions 


Fig. 3-2 Fig. 3-3 Normal and shear stresses 
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that the forces considered as acting on the plane are those exerted by the 
material lying outside the surface, and that the normals drawn to the planes 
are directed outwards from the surface. In most diagrams only a small plane 
area is shown, the remainder of the closed surface being omitted. Where 
ambiguity exists, the side of the plane lying inside the surface is shaded. 
For example, for the plane in Fig. 3-2, the side A lies outside the closed 
surface and the side B lies inside. 


3-3 Shear and normal stress 

In Fig. 3-3, 6A is a small plane area forming part of a closed surface drawn 
within a stressed body. The remainder of the closed surface lies on the 
shaded side of the plane. The layer of material adjacent to the plane, lying 
outside the surface, exerts a force dF on the plane, represented by the vector 
OF. The force dF may be resolved into two components: dF y, normal to 
the plane, and 6F,, tangential to the plane. dF y/6A is the normal, or tensile, 
stress acting on this plane; dF,/6A is the shear stress acting on the plane. 
We can draw mutually perpendicular directions, OX and OY, tangential 
to the plane, and resolve dF, along these into the two components 6F,, 
and OF,,. So we can represent the stress across this plane by three numbers, 
one of which is a normal stress, the other two being shear stresses. 


3-4 Uniform stress 
We chose the area, 0A, of the plane layer quite arbitrarily. We could draw 
different areas in this plane, measure the forces acting on them, and determine 
the stress. If this stress were constant whatever area we chose, then the stress 
acting on the plane would be uniform at all points. If we drew a series of 
different planes, each one parallel to 6A, and obtained the same stress for 
each plane, then the stress in this direction would be uniform throughout 
the body. If the above conditions were satisfied by any series of parallel 
planes, whatever their direction, then the body would be in a state of uniform 
stress. 

Apart from one or two special cases which are treated separately, this 
book is concerned only with states of uniform stress. 


3-5 Complete specification of stress 
So far we have considered the force acting on one arbitrarily drawn plane 
and used it to define three stress components. Had we chosen a plane inclined 
to the first, we would have obtained three different values for these com- 
ponents. Could these values be calculated, knowing the components on the 
first plane and the inclination between the two planes? In other words, do 
the stress components on one plane provide a complete specification of the 
stress, and if not, how much more information is necessary ? 

Consider a set of cartesian coordinate axes drawn in a stressed body 
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Fig. 3-4 Components of stress 


(Fig. 3-4); a small cube is formed by planes normal to them. An internal 
contact force will be exerted on each face of this cube by the layer of material 
adjacent to it and lying outside. We can resolve the force acting on a given 
face into components parallel to the axes, and from these determine the 
stress components acting on the face (as in Section 3-2). We denote these 
stress components by the symbol o with two suffixes. The first suffix denotes 
the direction of the axis normal to the face on which the stress acts; the second 
suffix denotes the axis along which the stress component is directed. If the 
directions of both these axes have the same sign, the stress component is 
positive; if they have different signs, it is negative. The positive stress com- 
ponents acting on each of the faces of the cube are shown in Fig. 3-4. 
Three stress components act on each of the six faces of the cube, giving 18 
components in all. How many of these are independent? We can answer 
this by considering conditions of equilibrium and uniform stress. The 
contact forces acting on the faces of the cube must be in equilibrium. This 
can best be seen by considering what would happen if they were not. Suppose, 
for example, that the force on the face DEFG in Fig. 3-4 is greater than that 
on the opposite face OABC, both forces being directed outward from the 
cube. The cube will move with the solid body in the positive x direction. This 
will increase the spacing between the molecules in the face OABC and those 
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adjacent to it outside the cube (i.e., the strain in the material will be changed), 
and so increase the force of attraction between them. Hence the contact 
force on this face will increase. Similarly, the spacing between the molecules 
in the face DEFG and their neighbours outside the cube will decrease, causing 
the contact forces on this face to decrease. , This process will continue until 
the forces are in equilibrium. This argument has said nothing about the 
externally applied forces, and so must hold whether or not these are in 
equilibrium. (However, the argument does require the movement of a cube 
of finite mass and this will generate inertial forces which have been neglected. 
These are only important when the external forces are applied impulsively.) 

Since the stress is uniform, from Section 3-4, equal internal forces act 
across parallel planes of equal area. Hence, the force acting on the plane 
DEFG must be equal and opposite to that on OABC. (These forces are 
oppositely directed because each is the force exerted on the face by the 
material lying outside the cube.) Hence 


/ 
One ae On 

, 
Oxy = Ony 
0 oC. 


(The primed quantities denote the stresses acting on the hidden faces in 
Fig. 3-4.) Similar relationships can be derived for the other faces, reducing 
the 18 components to nine. 

These nine quantities are normally written as an array: 


Ong Oxy Oy Zz 


o Oz, 


zy 


but they are not all independent. We can show this by considering the 
equilibrium of the cube. Let the length of an edge be /. If we apply the 
condition of uniformity of stress to the components shown in Fig. 3-4, we 
see that the cube must be in translational} equilibrium along any of the 
directions of the coordinate axes. So we can derive no further information 
by considering translational equilibrium. However, consideration of 
rotational} equilibrium is more useful. First of all, take moments about an 
axis through the centre of the cube, parallel to OY. The clockwise moment is 


(Po,,)$l + (Poz,)$l = 2P Ore + Fie) 


where /2c,,, is the force parallel to OX acting on face ABFE, and Poi, is 
similarly defined. The anticlockwise moment is 
+ A body is in translational equilibrium when the forces acting upon it will not produce 


movement along a straight line; it is in rotational equilibrium when there is no resultant 
couple acting upon it, and hence it has no tendency to rotate. 
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4P(Ga, + Ors) 
By equating these two and using the condition of uniform stress, we get 
xn = Tnx (3-1a) 


Similarly, taking moments about axes through the centre, parallel to OX 
and OZ gives, respectively, 
oO 


= Oyz 


Py (3-1b) 
and Cay = Cus (3-1c) 


We have now reduced the number of stress components to six independent 
quantities and, from Eqns. (3-1), the array given above must be symmetrical 
about the principal diagonal. 

If we compare this specification with that given for strain in Section 2-5, 
we see that the two are exactly the same, and so stress must also be a second 
rank symmetric tensor. In Section 2-5, we saw that such a quantity expressed 
a relationship between two vectors, strain relating the position vector to the 
displacement vector. In the same way, stress relates the force vector to the 
vector denoting area. 

Although we derived the results of Chapter 2 by considering strain, many 
of these results are general properties of any second rank symmetric tensor, 
and could equally well have been determined by considering any other 
physical quantity of this type. The equations giving the effect on the strain 
components of the rotation of axes, the existence of principal axes, and the 
analysis of strain into dilatational and deviatoric components are all examples 
of results having such general validity. We could therefore apply them 
without proof to the analysis of stress. However, to illustrate the truth 
of this statement, we derive these results in subsequent sections. 


3-6 Worked examples 
1. An internal force F acts on a plane of area A drawn in a stressed body, 


and makes an angle @ to the normal to the plane. Determine the normal 
and shear forces. 


Component of force normal to plane = F cos 6 


Therefore, normal stress = see 


Component of force tangential to plane = Fsin@ 


Therefore, shear stress = #'sin @ 


} The parallelogram of forces can be quoted as an example, already familiar to the student, 
of a result first proved for a specific physical quantity, but having a general validity. It is 
usually first considered as a means of adding forces, but it is a construction which can be 
used to add any vector quantity. 
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2. Coordinate axes are taken as the edges of a rectangular parallelepiped of 
material, the lengths of the edges along the x, y, z axes being 5cm, 7cm, 
and 4cm, respectively. An equilibrium set of outward acting forces is 
distributed uniformly over the surfaces. The magnitude of the resultant 
force on each face and the cosines of the angles between its line of action and 
the coordinate axes are given in the following table. Write down the array 
of numbers specifying the state of stress. 


Magnitude 
Axis normal of force Cosine of angle between force and 
to face (dyn) X axis y axis 
OX 9 0:8 0:5 
OY 11 0-4 
OZ 20 


Consider the face normal to the x axis. Area = 7 xX 4 = 28 cm?. Com- 
ponent of force acting on it parallel to the x axis is 


9 X 0°38 = 7-2 dyn 
Therefore Ge, = 12/28 = 0-258 dyn/cm? 
Component parallel to y axis is 

9°% 0:5 = 4:5 dyn 
Therefore Cy = 45/28 = 0-161 dyn/cm* = ¢,, 


Since the sum of the squares of the direction cosines of a line are equal to 
unity, then if the direction cosine of the line to the z axis is «,, 


a? = 1 — (0-8? + 0:5’) = 0-11 
_ giving a, = +0°332 
Therefore the component of force parallel to the z axis is 


+9 x 0-332 = +2:99 dyn 
and so 
On, = £2:99/28 = 40-107 dyn/cm? = o,, 
Consider, next, the face normal to the y axis. Area = 20cm’. Component 
of force acting on it parallel to y axis is 


11 x 0-4 = 4-4 dyn 
Therefore Oy, = 0-22 dyn/cm? 


To determine o,, we need to know the direction cosine between the force 
on this face and the z axis, which is not given. However, it can be determined 
from the direction cosine to the x axis (which can be calculated) and the fact 
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that the sum of the squares of the three direction cosines is unity. Let the 
direction cosine of the force to the x axis be f, and to the z axis be B,. Then, 
component of force parallel to x axis = 11, and Cyn = 118,/20. We have 
already determined o,,, = 0-161, giving 8, = 0-293. Since 


f+ 0-4" +8; = 1 
B, = -£0-869 
and hence O,, = +£0-478 = o,, 


Now consider the face normal to the z axis which has an area of 35 cm?. 
Let the direction cosines of the force acting on this face to the x, y, z axes be 
Vn» Yus Yas Tespectively. We can find y, from o,, and y, from o,, in the same 
way as 8, was found from o,, above, giving y, = +£0-187 and y, = +0-835. 
Then, since 


yetyt y= 
y, = 0-517 


(Since it is given that the force is outward acting, y, must be positive.) 
We can now determine o,,, which is 0-296 dyn/cm*. Hence the state of 
stress is given by the array 


0-258 0-161 +0-107 
0-161 0:22 +0-478 
+0:107 +0-478 0-296 


We are not given sufficient information to determine the sign of some of the 
shear stresses. 


Relevant exercises: Nos. 3-1 to 3-2. 


3-7 Effect of rotation of axes 

So far, we have seen that, if a set of cartesian axes is drawn in a block of 
material, the stress may be specified by the forces on small planes normal to 
these axes, and that in order to specify the stress completely in this way, we 
need six components. Knowing this, it should be possible, therefore, to 
determine the stress components for any other set of coordinate axes inclined 
to the first set. To do this, we consider the case in which the axis of rotation 
coincides with one of the coordinate axes, and for which the lines of action 
of the forces all lie in the plane normal to the axis of rotation. This is much 
simpler than the general three-dimensional case. 

We denote the original axes by OX, OY, and OZ, and planes OADC, 
OAB, and OCEB are drawn perpendicular to these directions (Fig. 3-5). 
OX,, lying in the XZ plane, denotes the x direction of the new set of axes, 
and the plane ADEB is drawn normal to this direction forming the wedge of 
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material shown in Fig. 3-5. The stress components acting on the faces OADC 
and OCEB of this wedge are o,,,, o,,, and o,,; those on the face OAB must be 
zero to satisfy the condition that all stress components lie in the XZ plane. 
The stress components on the face ADEB are 0j,,, and 0,,,, and we have to 
express these in terms of ¢,,, 2, 0,,, and theangle 6 between the old and new 
x directions. 


O 
Fig. 3-5 Effect of rotation of axes on stress components 


The block of material must be in equilibrium under the internal forces 
acting on its faces. However, we cannot immediately write down the equa- 
tions of equilibrium in terms of the stresses. Since stress is a second rank 
tensor quantity the stress components cannot be resolved along coordinate 
axes by the rules of vector algebra. They must first of all be converted to 
forces, which are vector quantities. We do this by multiplying each stress 
component by the area of the face on which it acts. If the area of the plane 
ABED is A, then the area of the plane OCEB is A sin 0, and that of the 
plane OCDA is A cos 6, enabling the forces acting on the planes to be 
determined. Resolving along the direction OX gives, for equilibrium, 


—6,,A sin 0 — 6,,A CoS 6 + Gy2,4 cos 9 — 64,,A sin #8 = 0 
Resolving along OZ 
Sine Sin 6 + 04,,A cos 6 — o,,A sin @ — o,,4 cos 6 = 0 
Solving these equations for o;,, and 01,, 


Cine = nn COS? 6 + G,, Sin? 9 + oy, sin 20 (3-2a) 
O1ne = $(Czz — Fpq) Sin 20 + o,, Cos 20 (3-2b) 


64 SPECIFICATION OF STRESS 


If we substitute (0 + 47) for 0 in these equations, then the left-hand side of 
Eqn. (3-2a) becomes o,,, and the left-hand side of Eqn. (3-2b) becomes 
—6},, (this is negative because it acts in the negative x direction). Whence 


O1er = Fun Sin? 0 + o,, cos? 9 — o,, sin 20 (3-2c) 
and On, = Ox 


3-8 Principal axes of stress and principal stresses 

Equations (3-2) show the way in which the numbers used to define a given 
state of stress vary as the coordinate axes are rotated in a stressed body. 
They are identical in form with Eqns. (2-19) which give the equivalent result 
for strain. Hence, the conclusions which followed from Eqns. (2-19) for a 
strain must also apply to stress. In particular, if we consider Eqn. (3-2b), 
which describes the variation of shear stress, then, on axes at an angle 6 
to the original, given by 


2 
tan 20 = Cos 
o 


(3-3) 


az — Ozz 


the shear stress must be zero. As already pointed out in Section 2-10, 
there is always one value of 6 between 0 and $7 which satisfies this equation, 
whatever the values of o,,, o,,, and o,,. (There are in fact two solutions 
differing by 47 between 0 and 7. These represent the x and z directions for 
which the shear stress is zero.) 

So we see that, providing all the stress components lie in one plane which 
contains two of the coordinate directions, then another pair of coordinate 
directions exist in this plane for which the shear stresses are zero. It is 
possible to prove an equivalent result for the general three-dimensional case, 
and we can say that, whatever the state of stress, there always exists one set 
of three mutually perpendicular directions for which the shear stress components 
are zero. 

These directions are the principal ‘axes of stress. With respect to this 
particular set of axes, and to this set alone, the state of stress in a three- 
dimensional body can be completely specified by three normal stresses 
acting along the principal axes. These are the principal stresses. In this book 
we denote them by the use of a single suffix—the same convention that we 
used for strain. Thus o, is the normal stress acting on a plane normal to the 
x principal axis. \ 

As for strain, problems are often greatly simplified if the principal axes 
of stress can be located. When all the stress components lie in one plane, or 
if one of the principal directions is known, we can locate the axes using Eqn. 
(3-3). Mohr’s circle construction (Section 2-11) can also be used. This was 
shown to be a valid construction from Eqns. (2-19), and since Eqns. (3-2) 
are identical with these, it can also be used to locate principal axes of stress, 
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determine principal stresses, and investigate the variation of stress com- 
ponents as the coordinate axes are rotated. 

From this construction, we can derive results which are analogous to those 
derived for strain. These results are: 

(a) The maximum and minimum values of o,,, and o,,, obtained as the 
coordinate axes are rotated, are those of the principal stresses. 

(b) The maximum value of the shear stress is obtained when the axes are 
at 45° to the principal axes. 

(c) On axes at such an angle the normal stresses are equal. 

(d) If the principal stresses are of equal magnitude but opposite sign, then 
on axes at 45° to these the normal stresses are zero, and the shear stress is 
equal to the principal stress. 

This is referred to as a pure shear stress. 


3-9 Worked examples 

1. A cube of metal with side of length / is immersed in a fluid at a pressure 
P. A tensile force Fis applied to one pair of opposite faces and acts normally 
to these faces. Determine (a) the magnitudes and directions of the principal 
stresses, and (b) the stress components acting on a diagonal plane whose 
normal makes an angle of 45° to the tensile forces. 


(a) Coordinate axes are chosen as in Fig. 3-6(a), and the forces acting on 


—_y 


(a) (b) 
Fig. 3-6 Worked example 3-9(1) 


the faces of the cube are as illustrated. (Forces on the hidden faces have been 
omitted for clarity.) We can see from this figure that the three resultant 
forces are mutually perpendicular and normal to the faces of the cube. 
Hence, there are no shear components with the coordinate axes chosen, 


which must therefore be principal axes. 
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The principal stresses are 


Oo, =0,= —P 


(Outward acting stresses are positive.) 

(b) Let the stress components acting on the diagonal plane be o,,, Fry, 
O1p2, aS in Fig. 3-6(b). Then, considering the equilibrium of the section 
shown, resolving along OX, 


F — PP? + alo,,, cos 45° — aloy,, cos 45° = 0 
resolving along OY 


resolving along OZ 
PP +4 aloyy, CoS 45° + alo,,, cos 45° = 0 


Now a = 21/2]; cos 45° = 2-1/2, and substituting in the above equations 
gives 


F — Pir’ 
O12 — N22 = — 2 
I 
Nagy =0 
Cice + Se0e = —f 
whence Sing = —F/2P Oing = F/2P — P 


2. In Fig. 3-7(a) the diagram represents a section through a cube of 
material, the forces being applied so as to produce a uniform distribution 
of stress. (The broken arrows show the distribution of the force of 7 dyn 
over the faces to which it is applied.) Determine the magnitude and direction 
of the principal stresses. 


If the force of 7 dyn is applied so as to produce a uniform distribution of 
stress, the normal stress on the plane AB due to this force must equal that 
on CD. 


AB = 2 sin 30°, hence area of plane AB = 4 sin 30° = 2 cm? 
CD = 2 cos 30°, hence area of plane CD = 4 cos 30° = 3-46 cm? - 


Let the force acting across the plane AB be F,; then the force acting across 
the plane CD is 7 — F,. Therefore $F, = (7 — F,)/3-46, whence F, = 
2:57 dyn. Hence the forces can be represented as in Fig. 3-7(b). 

If coordinate axes are taken normal to the faces of the cube, these forces 
can be resolved along the x and y directions, and their components are as 
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Fig. 3-7 Worked example 3-9(2) 


shown in Fig. 3-7(c). The stress components with respect to these axes are 
therefore 

Ong = 6°84/4 = 1-71 dyn/cm? 

Cy, = 6-29/4 = 1-57 dyn/cm? 
= Oy, = 2:23/4 = 0-556 dyn/cm? 


Oxy 


The principal axes are at an angle @ anticlockwise to the coordinate axes, 
given by Eqn. (3-3). Substituting the values above in this equation gives 


1:71 — 1°57 
whence 6 = 41°22’ 


Then, substituting in Eqns. (3-2), 
Oi, = 2:20 dyn/em?, 4, = 1-08 dyn/cm? 

Oy, and 0, are the principal stresses, o,, acting along the axis 41°22’ anti- 
clockwise to the x axis. In this problem, the forces acting were given, and 
so could be resolved directly. Had stresses been given they would have had 
to be converted to forces before they could be resolved to determine the 
components acting along given coordinate directions. This is illustrated in 
the next example. 
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3. A body is acted upon by a two-dimensional stress system which, on a 
given set of axes, has the components o,, = 7 dyn/cm?, o,, = 5 dyn/cm’, 
On, = 3dyn/cm*. A second two-dimensional stress system is now super- 
imposed. The stress components of this system, on a set of axes rotated 
through an angle of 30° anticlockwise to the first, but lying in the same plane, 
ALC Cin, = 4 dyn/cm, o,,, = 8 dyn/cm?, o,,, = 0dyn/cm?. Determine the 
components, with respect to the first set of axes, of the combined stress 
system. 


In this problem, stress components are given with respect to two different 
sets of axes, the second being rotated with respect to the first. We could use 
Eqns. (3-2) to find the components of the second system with respect to the 
first set of axes. Then, since an element of a resultant tensor is equal to the 
sum of the corresponding elements of the component tensors, provided all 
are referred to the same set of axes, the stress components can be added to 
give the components of the combined system. 

The method we will use follows this scheme, except that instead of using 
Eqns. (3-2), we will determine the components of the second system with 
respect to the first set of axes from first principles. 

Suppose a unit cube is drawn in the material of the body, the edges of the 
cube being parallel to the first set of axes [Fig. 3-8(a)]. Consider now the 


Fig. 3-8 Worked example 3-9(3) 


triangular prism of material ABCDEF and let the stress component 0j,, 
be applied. (For the time being, we will only consider this component; 
we will consider the effects of the others later.) A force normal to the plane 
ADFE will then be exerted on the material in this plane by the ‘adjacent 
material lying just outside the prism; but the force acting on the material 
in the plane BEFC will be zero. The area of the face ADFE is equal to 
cos 30°, and so the force acting on it is 01,. Cos 30°, or, since O1,, is equal to 
4 dyn/cm?, 3-46 dyn. For the prism to be in equilibrium an equal and 
opposite force must act on the plane ABCD and so, due to the stress com- 
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ponent 0},.,, there is a force of magnitude 3-46 dyn acting on the face normal 
to the x axis at an angle of 30° to this axis. This is shown in Fig. 3-8(b), 
which shows a section through the cube parallel to the XZ plane. 

For the prism BCGHJK [Fig. 3-8(a)], we can show similarly that oj, 
causes a normal force of 2 dyn to act on the plane GHJK of this prism, and 
so we may deduce that a force of 2 dyn acts on the face normal to the z 
axis in the direction shown in Fig. 3-8(b). 

Now suppose the stress component o,,, is applied, and, for the time 
being, all other stress components are zero. This will cause normal forces 
to act on the faces BCFE and BCKJ of the prisms ABCDEF and BCGHJK, 
respectively [Fig. 3-8(a)]. Following the same procedure as above, we can 
calculate the magnitude of these forces as 4 dyn and 6-93 dyn, respectively. 
Thus, forces of these magnitudes must act on the faces normal to the x and z 
axes [Fig. 3-8(b)]. 

The stress component o;,, is equal to zero, and so there will be no forces 
acting due to this component. 

Consider now the forces due to all stress components of both systems 
acting together. These forces are all included in Fig. 3-8(b), those due to the 
first stress system being the forces normal and tangential to the cube faces. 

On the face normal to the x axis there will be a normal force of 


7 + 3-46 cos 30° + 4 cos 60° = 12 dyn 
and a tangential force of 
3 + 3-46 cos 60° — 4 cos 30° = 1:27 dyn 


Since the face is of unit area, if suffix c denotes the stress components due 
to the combined system, 
Cnn = 12 dynjcimn* 
Poel 2) dynjcm* 
Similarly 
Sez: = 5 + 6:93 cos 30° + 2 cos 60° = 12 dyn/cm? 


Relevant exercises: Nos. 3-3 to 3-5. 


3-10 The stress ellipsoid 
We saw in Section 2-13 that a unit sphere drawn in a block of material 
becomes an ellipsoid, called the strain ellipsoid, when the body is deformed. 
Because the mathematical properties of stress and strain are identical, we 
would expect a similar result for stress. The stress ellipsoid is defined as 
follows. 

A plane of unit area (Fig. 3-9) is drawn in a block of material under stress. 
A point O is marked on this plane and a vector OF is drawn to represent the 
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total contact force F exerted on the plane by the layer of material adjacent 
to it on the side of the outward drawn normal. As the orientation of the 
plane is changed, keeping the point O fixed in space, the surface traced by the 
point F will be an ellipsoid, which is called the stress ellipsoid. We shall now 
prove this for two dimensions. 


Fig. 3-9 Stress ellipsoid 


Let the principal axes of stress be OX and OZ (Fig. 3-9) and let the principal 
stresses be o, and o,. Let the normal ON to the plane lie in the XZ plane 
and make an angle ¢ with OF. 

The force F can be resolved into components Fp and F;, normal and 
tangential to the plane. Remembering that the plane is of unit area, and that 
o, and o, are principal stresses so that o,, is zero, we can write Fy and Ft 
from Eqns. (3-2) 


Fy = o, cos? 6 + o, sin? 6 (3-4a) 

F, = (o, — o,) sin 6 cos 6 (3-4b) 
Also, from Fig. 3-9, ’ 

Fn = Fcos (3-5a) 

Fi = Fsind¢d (3-5b) 


Substituting from Eqn. (3-5a) in (3-4a) and multiplying through by sin 6 
a F sin 6 cos ¢ = o, sin 6 cos? 6 + o, sin® 6 f (3-6a) 
Similarly, from Eqns. (3-4b) and (3-5b), 
F cos 6 sin ¢ = a, sin 0 cos? 6 — a, sin 6 cos? 6 (3-6b) 
Adding together Eqns. (3-6a) and (3-6b) gives 
Fsin (6 + ¢) = a, sin 6 (3-7a) 
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By a similar procedure we can derive the equation 

F cos (0 + ¢) = a, cos 0 (3-7b) 
We can eliminate 6 from the right-hand side of Eqns. (3-7a) and (3-7b) by 
squaring and adding: 


F’ sin? (6+ ¢) , F®cos?(0 + 4) 
eee 
o oO 


z r 


1 (3-8 


This is the polar equation of an ellipse whose major and minor axes lie along 
OX and OZ and whose radius vector OF makes an angle 6 + ¢ with OX. 

Thus, as the orientation of the unit plane drawn in the material is changed, 
the end of the vector OF will trace out an ellipse. Furthermore, the major 
and minor axes of this ellipse will coincide with the principal axes of stress, 
and their lengths will be proportional to the principal stresses (with the same 
constant of proportionality as that relating the length of OF to the force on 
the plane). An equivalent result holds for three dimensions. However, the 
stress ellipsoid does not give the convenient picture of the state of stress that 
the strain ellipsoid does for the state of strain. 

One other important equation follows from the discussion above. Dividing 
Eqn. (3-7a) by (3-7b) gives 


tan (0 + 6) = ~ tan 0 (3-9) 
Oy 
This equation enables us to derive the inclination of the force F for a given 
inclination of the plane, knowing the principal stresses. 


3-11 Dilatational stress 
If the principal stresses are equal, then in Eqns. (3-4) we can make the 
substitution o, = o, = o. This gives 


1 af 
FF; = 0 


Since F; is zero, it follows that the force acting on a plane drawn in the 
material is always normal to the plane, whatever its inclination within the 
material. It also follows from the first of these equations that the force 
acting on a unit plane is constant, independent of the inclination of the 
plane. 

We can state this conclusion for the three-dimensional case as follows: 
if the three principal stresses are equal, then on any plane drawn in the 
material, whatever its inclination, the shear stress components are zero and 
the normal stress component is equal to the principal stress. This is an anal- 
ogous conclusion to that in Section 2-14 for the case of equal principal strains. 
Hence it is referred to as dilatational stress. Since this state can be realized 


+ 
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experimentally by immersing a body in a fluid under pressure, it is often 
called hydrostatic pressure, the pressure in the fluid being equal to the 
principal stress. 

An equivalent result to that proved above can also be obtained by sub- 
stituting o, = 0, = 0 in Eqns. (3-8) and (3-9). Substituting in Eqn. (3-9) 
gives 0+ ¢=0, whence ¢ = 0, which proves that the force on a unit 
plane drawn in the material is always normal to that plane. 

Substituting in Eqn. (3-8) gives F = o, proving that the stress ellipsoid is a 
sphere. These results are shown for two dimensions in Fig. 3-10. Various 


Fig. 3-10 Stress ellipse in dilatation 


directions of the force F are shown, and at the point where these vectors 
touch the stress ellipse a line is drawn to represent the orientation of the plane 
on which they act. The figure is drawn in this way to avoid confusion; 
actually, the force F would be exerted on a plane at the centre of the sphere. 
The force is exerted by the layer of material adjacent to the plane on the 
unshaded side. So each plane in Fig. 3-10 should be imagined as being at the 
centre of the sphere and the force F applied to the unshaded side. 

The volume of the strain ellipsoid has a definite physical significance; 
it represents the resultant volume under strain of that material lying originally 
within a sphere of unit radius. This enables volume changes to be distin- 
guished from shape changes and the dilatational strain, 4, to be defined in 
terms of volume changes. The volume of the stress ellipsoid, however, 
does not have such simple significance and, in particular, it cannot be 
used to define dilatational stress. 


STRESS ELLIPSOID FOR PURE SHEAR 73 


The only quantity of importance in this case is the principal stress in a 
dilatational system, which is denoted by oy. 

Note also that, as for strain, there are no unique principal axes. Any 
three mutually perpendicular directions can be chosen. 


3-12 Stress ellipsoid for pure shear 


In Section 3-8, we define a pure shear stress for a two-dimensional state as 
one for which the principal stresses are of equal magnitude, but of opposite 
sign. To extend this definition to three dimensions, we need only state that 
the third principal stress is zero. For such a state of stress, the normal stress 
components are zero on axes at 45° to the non-zero principal stresses, and 
in the same plane, and the shear stress components are equal in magnitude 
to the principal stresses (Section 3-8). The stress ellipse in the plane of the 
non-zero principal stresses can be derived by making the substitution 


in Eqn. (3-8). This gives f= o¢ 


and so the stress ellipse is a circle. 

Now for dilatational stress, in any plane the stress ellipse is also a circle, 
so the shape of the stress ellipsoid, unlike that of the strain ellipsoid, does not 
provide a complete picture of the state of stress. The angle between the 
normal to the unit plane and the force acting on this plane must also be known 
(Fig. 3-11). 

In Fig. 3-11 the direction of the force F is obtained by considering the 
equilibrium of a wedge of material formed by the unit plane and the planes 
normal to the principal axes. The force F is the internal force exerted on the 
unit plane by the layer of material adjacent to it, and lying outside the 
wedge, that is, in the direction of the normal N. Similarly, the internal 
forces exerted on the faces of the wedge normal to the principal axes are in the 
direction of the principal stresses and can be determined from them. These 
are represented by the arrows o, and o, in Fig. 3-11, which shows the develop- 
ment of the ellipse as the plane is rotated. Another way of illustrating the 
importance of the angle between the normal to the plane and the force acting 
on it in interpreting the stress ellipse is shown in Fig. 3-12. Different direc- 
tions of F are taken and, as in Fig. 3-10, a line is drawn where the vector 
representing F touches the stress ellipse, to represent the orientation of the 
plane on which the force acts. To interpret this diagram, imagine the plane 
to be transposed, without altering its orientation, to the origin of coordinates. 
It is only drawn in the position shown to avoid overcrowding the diagram. 
The force F is actually exerted on the plane by the layer of material adjacent 
to it on the unshaded side. If we compare Figs. 3-10 and 3-12, we see that, 
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Fig. 3-12. Stress ellipse for pure shear 
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whereas the shape of the stress ellipse is the same in both cases, the inclina- 
tions of the planes are very different. 

In Section 2-15 it is shown that the volume of a piece of material is un- 
changed during deformation in pure shear. This follows from the fact that 
the volume of the strain ellipsoid after such deformation is the same as that 
of a sphere of unit radius. From the discussion above, we see that it is not 
possible to form any equivalent conclusion for the area of the stress ellipse 


in pure shear. 


3-13 Simple shear 

If a small cube is drawn in a block of material subject to pure shear, the 
faces of the cube being normal to the principal axes of stress, then the stress 
components on these faces will be as shown in Fig. 3-13(a). Now suppose 
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(b) (c) 


Fig. 3-13. Pure and simple shear 


that within this cube a second cube ABCD is drawn. From the analysis of a 
pure shear stress, the stress components shown will act on its faces. 

Now consider the cube in Fig. 3-13(b). This cube can either be part of a 
larger block of material, in which case the forces are internal, or it can be a 
complete body, in which case the forces are externally applied. In either case 
there will be a resultant couple acting on it giving it a tendency to rotate. 
If it is part of a larger body, this rotation will distort surrounding material 
until an equal and opposite couple is generated to maintain equilibrium. 
If it is a complete body, it can be prevented from spinning by clamping one 
of its faces in a fixed direction in space. The couple applied will then cause 
distortion with rotation until an opposing couple, sufficient to maintain 
equilibrium, is generated at the clamp. Thus, in either case, since at equilib- 
rium 0,, = O,,, the body will eventually be subjected to the set of forces 
shown in Fig. 3-13(c). By comparison with Fig. 3-13(a) it will be seen that 
this constitutes a pure shear stress. 

Now suppose the constraint which prevents the body spinning is such as to 
keep the faces to which the forces are applied in Fig. 3-13(b) in a fixed 
direction in space (these faces are at 45° to the principal axes). The arrange- 
ment is then known as simple shear. It'differs from pure shear in that, for 
pure shear the forces applied are in rotational equilibrium, whereas for simple 
shear the direction of the planes to which the shear forces are applied are fixed 
in space, and equilibrium is only achieved after rigid body rotation} has 
distorted surrounding material or generated reactions at clamps. Thus we 
would expect a simple shear stress to produce the same state of strain as a 
pure shear stress, but the former will also cause a rigid body rotation. 


} Since the direction of one set of parallel planes is fixed, it might be thought that the 
body would not rotate rigidly. However, since the body is deformable, the directions of 
other planes inclined to these will be able to change, and this will cause an average rotation 
of the whole body. An example of this is shown in Fig. 2-17, where the direction of planes 
parallel to OX remains fixed, but that of planes parallel to OY changes, causing an average 
rotation of the whole body in a clockwise direction. 


DEVIATORIC STRESS 77 


3-14 Deviatoric stress 


In Section 2-16 we define a deviatoric strain as one which changes the shape 
of a body but not its volume. Because volume changes in the body could be 
determined quite simply from volume changes of the strain ellipsoid, this 
provides a convenient definition for the sybsequent analysis of a strain into 
its dilatational and deviatoric components. It is shown above that volume 
changes in the stress ellipsoid do not have such a simple physical interpreta- 
tion. So we cannot define a deviatoric stress in terms of the volume of the 
stress ellipsoid. 

However, we can obtain a definition by analogy with deviatoric strain. 
In Section 2-17, it is shown that the dilatational strain is equal to the sum 
of the principal strains [Eqn. (2-31)]. Since, by definition, the dilatation is 
zero in deviatoric strain, it follows that, for such a strain, the sum of the 
principal strains is zero [Eqn. (2-33)]. Hence, by analogy, we can define 
deviatoric stress as that state of stress for which the sum of the three principal 
stresses is zero. Using suffix d to denote a deviatoric stress, then 


Ong + Oyg + Og = 0 (3-10) 


We also saw in Section 2-17 that a deviatoric strain could be regarded as a 
superposition of small pure shear strains in the principal planes. Since 
pure shears in stress and small strain are similarly defined (Sections 2-11] 
and 3-8), it follows that a deviatoric stress can be regarded as a superposition 
of pure shear stresses in one or more principal planes (Fig. 3-14). Adding 
together the three pure shears in Fig. 3-14 gives 
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Fig. 3-14 Superposition of pure shears 
to give deviatoric stress 
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Ond == 05 — 03 


Ovd Oh Oy 


Ozq = 93 — 97 


Adding these together gives Eqn. (3-10), the definition of deviatoric stress. 

Although a deviatoric stress is comprised of a superposition of pure shears 
in the principal planes, if an analysis into these constituent shears were 
tried, it would be found that, as with strain, no unique solution was possible. 


3-15 Analysis of stress into dilatational and deviatoric 
components 

A general state of strain can be analysed into its deviatoric and dilatational 
components by using the definition of these strains in terms of volume 
changes, and the relationship between the change of volume of the material 
on straining and the volume of the strain ellipsoid. We cannot use this method 
for analysing stress, since we have seen that the volume of the stress ellipsoid 
does not have a simple physical interpretation; we have to use an algebraic 
method. We need to find the dilatational stress, represented as three equal 
principal stresses o,, which, when subtracted from the general state of stress, 
represented by the three principal stresses o,, o,, o,, Will leave a state of 
stress whose principal values satisfy Eqn. (3-10). 

We must make the subtraction according to the rules of tensor algebra 
(Section 2-17). However, since we can choose the principal axes of the 
dilatational stress to coincide with those of the general state of stress being 
analysed, this presents no difficulty, og is simply subtracted from o,, o,, 
and o,. Also, there is no restriction to small stress for the state of stress to be 
superposable, as there was with strain. The difficulty arose with strain 
because the deformation produced by the first state of strain altered the value 
of the position vector used to calculate the displacement produced by the 
second state of strain. Stress expresses a relationship between force and area, 
and if two states of stress are added together, the first state does not alter 
the value of either of these vectors for the second. 
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Fig. 3-15 Analysis of stress into dilatational and deviatoric components 
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Thus the deviatoric components of the principal stresses are given by 


Ong = 0, — Og (3-1 1a) 
Oyq = 0, — Og (3-11b) 
O.4 = 0, — oq (3-11c) 
Since Oxg + Gyg + Org = 0 
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adding together Eqns. (3-1la), (3-11b), and (3-I1c) gives 
da = 3(0, + 9, + 9,) (3-12) 


That is to say, the dilatational stress component is equal to the average of the 
principal stresses. 
Substituting from Eqn. (3-12) into (3-11) gives 


Ong = 4(20, — 0, — G,) (3-13a) 
Oya = 4(—9, + 20, — G,) (3-13b) 
O44 = H(—9, — 9y + 20,) (3-13c) 


This analysis of a state of stress into its dilatational and deviatoric components 
is shown in Fig. 3-15. Note that Eqns. (3-12) and (3-13) are identical in form 
with Eqns. (2-30) and (2-32), which give the principal values of the dilata- 
tional and deviatoric components of the strain. 

The deviatoric component of the stress can be further analysed into pure 
shears in the principal planes, although, as has already been pointed out, 
this cannot be done uniquely. Some possible solutions are shown in Fig. 3-16. 


3-16 Worked example 
Cartesian coordinate axes are drawn in a body. They are also the principal 
axes for the following stresses which are applied simultaneously to the body. 


(i) A pure shear of principal values +5 dyn/cm? in the XZ plane, 
the positive stress being in the x direction. 


(ii) A pure shear of principal values +3 dyn/cm? in the XY plane, the 
positive stress being in the y direction. 
(iii) A hydrostatic pressure of 2 dyn/cm’. 


Determine 


(a) the values of the principal stresses, 


(b) the components of the principal stresses representing the deviatoric 
stress, ‘ 


(c) the components of the principal stresses representing the dilatational 
stress, and 


(d) the magnitude and direction of the force acting across a plane of unit 
area whose outward normal lies in the YZ plane between the positive 
y and z directions and making an angle of 30° with the y axis. 


(a) The three stresses corresponding to (i), (ii), and (iii) above are shown 
in Fig. 3-17(a). The resultant principal stresses are given by 


6,=5—3—2=0 
0, = 3 — 2 = 1 dyn/cm? 
o, = —5 — 2 = —7 dyn/cm? 
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120° 


Fig. 3-17 Worked example 3-16 


(b) The deviatoric stress will arise from the pure shears. Hence, from 

Fig. 3-17(a), 
Ong = 5 — 3 = 2 dyn/cm? 
va = 3 dyn/cm? 
O.q = —5 dyn/cm? 
Ong + Sq + O24 = O 
confirming that this is a deviatoric stress. 

(c) The dilatational stress will arise from the hydrostatic pressure; thus 
Oa = —2 dyn/cm. 

(d) Since o, for the resultant stress is zero, all stress components lie in the 
YZ plane and Eqns. (3-8) and (3-9) can be used. From Eqn. (3-9), if ¢ is 
the angle between the normal to the plane and the direction of action of 
the force [Fig. 3-17(b)], 

tan (30° + ¢) = —7 tan 30° 
giving 30° + ¢ = 103°54’ or 283°54' 
From Fig. 3-17(b), since F must act on the unshaded side of the plane, 
30 + ¢ must lie between 0 and 120° or between 300 and 360°. Therefore 
¢ = 73°54’. From Eqn. (3-8) 


F* F? 
— tan’ (30° +9) += tan” (30° + ¢) +1 
(oy 


& x 
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giving F = +3-6dyn. From Fig. 3-17(b), for the triangular wedge ABC 
to be in equilibrium, F must be directed as indicated and hence is negative. 


Relevant exercises: Nos. 3-6 to 3-8. 


3-17 Summary 
We have derived the following major conclusions about the specification of 
stress in this chapter. 


(i) With respect to any set of cartesian axes drawn in a body, six quantities, 
three normal (or tensile) and three shear stress components are necessary to 
define the stress. Thus stress, like strain, is a second rank symmetric tensor 
(Section 3-5). 
(ii) One particular set of axes can be found with respect to which the 
stress can be completely specified by three normal stresses. These axes are 
called the principal axes of stress and the three stresses are called the principal 
stresses (Section 3-8). 
(iii) Any state of stress can be resolved into dilatational and deviatoric 
components (Section 3-15). 
(a) The component of each principal stress due to the dilatational com- 
ponent is given by Eqn. (3-12). 

(b) The components of each principal stress due to the deviatoric compo- 
nent are given by Egns. (3-13). 

(c) The deviatoric stress can be broken down into various combinations 
of pure shears, some of which are illustrated in Fig. 3-16. 

(iv) Two principal stresses of equal magnitude but opposite sign, with the 
third principal stress zero, represent a pure shear. On axes lying at 45° 
to the non-zero principal axes and in their plane, the normal stresses are 
zero, and the shear stress is equal to the principal stress (Section 3-12). — 


EXERCISES 
Sections 3-1 to 3-6 


3-1 A plane of area A forms part of a surface drawn within a block of material. 
If F is the outward acting contact force exerted on this plane by the material lying 
outside the surface and @ is the angle between this force and the outward normal 
to the plane, complete the following table. ‘ 
Normal stress 
A (cm?) F (dyn) 6 (degrees) (dyn/em*) Shear stress 


10 30 10 
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3-2 The contact forces between the faces of a rectangular parallelepiped and its 
surrounding material are as shown in Fig. 3-18, equal and opposite forces acting 
on opposite faces. Given that o,, = 0-433 determine oy2, O25 Oxy» Snr» Syz, F, 
x, x, B, y, 8, and ¢. (Forces in dyn, length in cm, stress in dyn/cm?.) 


Fig. 3-18 Exercise 3-2 


Sections 3-7 to 3-9 


3-3 A force F is uniformly distributed over the plane end of a cylindrical rod of 
radius r. (This plane end is normal to the axis of the rod.) Calculate the normal 
and shear stresses on a plane whose normal makes an angle @ with the rod axis. 
Determine the values of 6 at which these stresses have their maximum value and 
calculate these maxima. 


3-4 Cartesian coordinate axes OX, OY, OZ define respectively the edges OA 
(= 17-32 cm), OB (= 20 cm), OC (= 10 cm) of a rectangular block of material. 
This block is made in two parts welded together along a plane which contains the 
diagonal AC and whose normal lies in the xz plane. The welded joint will break 
if the shear stress applied to it exceeds 3 x 10% dyn/cm? or the normal stress 
exceeds 6 x 108 dyn/cm?. A force is distributed uniformly over the face passing 
through A and normal to the x axis. The line of action of this force lies in the xz 
plane and makes an angle of 77°54’ with the x axis. (This angle is formed by the 
rotation of a line from the positive x axis towards the negative z axis.) The force 
acts towards the negative x direction and its total magnitude is 1:51 x 10" dyn. 
An equal and opposite force is distributed over the face passing through O and 
normal to the x axis. Find the magnitude and direction of forces distributed 
uniformly over the faces normal to the z direction, the magnitude and direction 
of these forces being such as to restore equilibrium without fracturing the joint. 


84 SPECIFICATION OF STRESS 


3-5 Stresses of 3 x 108 dyn/cm? and 5 x 10° dyn/cm? are applied along the x 
and y directions respectively in a sheet of material. A further pair of perpendicular 
stresses of 4 x 108 dyn/cm? and 6 x 10% dyn/cm? are applied along axes at 30° to 
the original pair. (The 4 x 108 stress is rotated through 30° anticlockwise from 
the 3 x 108 stress.) Determine the magnitudes and directions of the principal 
stresses of the combined system. (All stresses are outward acting.) 


Sections 3-10 to 3-16 
3-6 Forces are applied to the edges of a plate of material as shown in Fig. 3-19. 
(They are distributed over the faces to which they are applied and are normal to 


them.) The total internal force F on the plane DBEG acts at an angle «. Determine 
the magnitude of F and the angle «. 


10cm 
10''dyn.cm~? 
D C 


x|10!'dyn.cm ~? 


lcm 


2x 10''dyn.cm ~ 2 


Fig. 3-19 Exercise 3-6 


3-7 Principal stresses o, = 2 dyn/cm’, o, = 0 dyn/cm?, o, = —1 dyn/cm?, are 
applied to a sheet of material. (The y axis is normal to the face of the sheet.) 
The normal to a unit plane drawn in the material lies in the xz plane and makes 
an angle @ with the positive x axis (by an anticlockwise rotation of that axis). 
The force F acting on this plane makes an angle ¢ with the positive x axis (again 
by anticlockwise rotation of that axis). Determine the values of ¢ and F and state 


whether F is inward or outward acting for values of 6 of 20°, 54°44’, and 70°. 


3-8 Principal stresses o, = 4 dyn/cm?, o, = 6 dyn/cm?, o, = —1 dyn/cm?, are 
applied to a block of material. Determine 

(a) their components due to the dilatational component of the stress, 

(b) the components due to the deviatoric component. 

Determine three different combinations of pure shears which are equal to this 
deviatoric component, and draw diagrams to illustrate them. 


Ni 


4 


Relationship between states 
of stress and strain 


4-1. Introduction 


We are now able to specify the state of strain in a body which has suffered a 
known deformation. We can also specify the state of stress if we know the 
forces acting on the body. In making these specifications, we do not need to 
know anything about the material from which the body is made. Forexample, 
if a load is hung on the end of a long vertical wire, the state of stress depends 
only on the magnitude of the load and the diameter of the wire. If these are 
the same for different wires, then the states of stress will be the same, what- 
ever the materials from which the wires are made. Similarly, we can calculate 
the states of strain knowing only the initial and final diameters and lengths 
of the wires. However, if a number of wires of the same length and diameter, 
but made from different materials, are strained by hanging the same load on 
each, their changes in length and diameter will be different. That is, the 
properties of the material determine the magnitude of the state of strain 
produced by a given state of stress. 

In this chapter, we consider how to calculate the state of strain when the 
state of stress is given (and vice versa), and determine what we need to know 
about the properties of the material in order to make this calculation. 


4-2 Isotropically deformable bodies 


For simplicity, we consider only one particular class of deformable bodies, 
and apply the restriction to small strain introduced in Chapter 2. These 
restrictions would not be necessary in a completely general treatment, but 
the mathematical difficulties would then be beyond the scope of this book. 

The bodies we consider are called isotropically deformable. The meaning 
of this term can be made clear by a simple experiment. Suppose a series of 
strips, all of the same cross-sectional area and length, are cut from a body, 
each strip being cut so that its axis corresponds to a different direction in the 
body. Let the strips be hung vertically with the same load attached to each 
(i.e., the state of stress is the same for all). If the changes in cross-sectional 
area and length (the state of strain) are the same for each strip, that is, if the 
state of strain is independent of the initial orientation of the strip in the body, 
then the body is said to be isotropically deformable. In other words, the 
response of such a body to a deforming stress is the same in all directions 


in the body. 
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4-3 Dilatational stress on an isotropically deformable body 


We defined dilatational stress in Section 3-11 as one for which the three 
principal stresses were equal. We saw that, for such a stress, the magnitude 
of the internal force acting on a unit plane drawn in the body was independent 
of the direction of the plane and was always normal to it. Consider now any 
pair of parallel planes drawn in the body, as shown in Fig. 4-1. A and B 


Fig. 4-1 Force on any pair of parallel planes in a body due to dilatational stress 


represent two particles, one lying in each plane, such that the line joining 
them is normal to the planes. AC represents any line of particles lying in 
one of the planes. Ifa dilatational stress acts on the body, the force tending 
to displace these planes relative to each other acts along the line AB. It 
therefore tends to separate the planes in this direction. It might also tend to 
change the angle BAC and the length of AC. However, before deformation, 
angle BAC is a right angle whatever the direction of AC, and the force F 
acts along AB. Thus, since the material is isotropic, if angle BAC changes 
it must change by the same amount, whatever the direction of AC. This can 
only be so if it remains a right angle. AB will therefore change in length 
(and AC might), but the angle between them will remain a right angle. The 
lines AB and AC are therefore principal axes of strain. 

Since the stress is dilatational, the force F is normal to the planes in Fig. 
4-1, whatever their direction, and, since the material is isotropic, they will 
respond in the same way to the force F. Hence it follows that any set of 
mutually perpendicular lines can be chosen as principal axes, and so the 
strain must be dilatational (Section 2-14). We can say, therefore, that a 
dilatational stress acting on an isotropically deformable body produces a 
dilatational state of strain. 

A dilatational stress can be represented by only one quantity—one of the 
principal stresses. Similarly, a dilatational strain can be represented by 
only one quantity—either the principal strain in dilatation or the dilatational 
strain (Section 2-14). Thus, the state of strain resulting from a dilatational 
stress can be derived from the relationship between these quantities, and so 
it follows that only one relationship which depends upon the nature of the 
material (material-dependent relationship) is necessary to define the response 
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of an isotropic body to a dilatational stress. Note that, had the state of 
strain not been dilatational (which would have been the case if the body had 
been anisotropic), several such relationships might have been necessary to 
determine the response to a dilatational stress. This is because it would 
then have been necessary to determine the magnitudes and directions of the 
principal axes of the strain ellipsoid to specify the state of strain. Each of 
these would be related to the stress by a material-dependent relationship, 
and some of the relationships might be independent of the others. 


4-4 Pure shear stress on an isotropically deformable body 
Before we discuss the effect of pure shear stress, we need to make the 
following assumption about the way in which stress and strain are related. 
Suppose a state of stress A, causes a state of strain B,, and a State of stress 
Ay causes a state of strain B,. We assume that a state of stress A, + A, 
will cause a state of strain B, + B,. We have already seen that, provided 
strain is small, both stress and strain are superposable quantities, so we are 
now assuming that if the stress A, is applied alone it will produce a strain By, 
whereas if it is superimposed on another stress it will produce an increase B, 
in the state of strain. In other words, the change in the state of strain pro- 
duced in a body by a given change in its state of stress is independent of the 
extent to which the body has already been strained (provided strain is small). 
We are assuming, in fact, that the elements of the stress and strain tensors are 
linearly related, and this is called the assumption of linearity. 
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Fig. 4-2 (a) Pure shear stress, (b) Strains resulting from stress 
along OX, (c) Strains resulting from stress along OZ 


Now, from Section 3-8, a pure shear stress can be represented by two 
principal stresses of equal magnitude but of opposite sign, the third principal 
stress being zero. The strain produced by each of these stresses acting 
individually can be deduced, and if the above assumption is valid they can 
be superimposed to give the final state of strain. 

In Fig. 4-2(a), the pure shear stress is represented by principal stresses of 
+o and —o along OX and OZ, respectively. Let us consider the effects of 
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these stresses on the lines of particles lying along OX, OY, and OZ, dealing 
first with each one separately and then considering their combined effect. 

The stress +o along OX causes the line of particles lying along OX to 
change in length but, by the arguments used in the previous section, because 
of the isotropy of the material, this line must remain perpendicular to those 
particles in the YZ plane. For the same reason, although lines of particles 
in this plane might change in length, they must all change equally. Thus, if 
the lengths OX, OY, and OZ are each unity before deformation, their lengths 
afterwards can be written as 1 + ¢,, 1 + &, 1.4 &, respectively. This is the 
most general statement that we can make about the changes in length caused 
by the stress along OX, since it assumes nothing about the relative magni- 
tudes, or signs, of ¢, and ¢,. Since OX remains perpendicular to the YZ 
plane during deformation, it must be a principal axis of strain, as well as of 
stress, and the other principal axes of strain must lie in the YZ plane. The 
deformation at this stage is shown in Fig. 4-2(b). 

For the effect of the stress —o along OZ, using a similar argument to the 
one above, we can say that the line of particles along OZ will remain perpen- 
dicular to the plane XY during deformation, that is, OZ is a principal axis of 
strain as well as of stress, and that the changes in length of the three lines of 
particles will be as shown in Fig. 4-2(c). 

Now if both OX and OZ are principal axes of strain, it follows that OY 
must also be one. Thus, if a pure shear stress is applied to an isotropically 
deformable body, the principal axes of strain coincide with the principal 
axes of stress. 

To determine the magnitudes of the principal strains, the states of strain 
shown in Figs. 4-2(b) and 4-2(c) must be added (using the assumption of 
linearity). However, before doing this we can make further simplifications. 
We assume that stresses of equal magnitude but opposite sign produce strains - 
of equal magnitude but opposite sign. (Since we have already assumed that 
stress-strain relationships are linear, this is inevitable, unless there is a 
discontinuity in such relationships at the origin.) Then, if a stress of +o 
along OX causes a strain ¢, in this direction, a stress —o along OZ will cause 
a strain —e, along OZ. Therefore e, and ¢, are equal. Similarly, ifa stress of 
+o along OX produces a strain of ¢, along OZ, then a stress of —o along 
OZ will produce a strain of —e, along OX. Therefore, e, and ¢, are equal. 

The strains due to each stress component can now be tabulated, as below, 
and added to give the total strain. From Section 2-15, this represents a 
pure shear strain (since the strains are small). : 


Due to o Due to —o 
Strain along along OX along OZ Total strain 
Ox & —£ & — & 
OY £5 —£5 
OZ Ep —e Ey — & 
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Thus, we can say that a pure shear stress applied to an isotropically de- 
formable material having a linear stress-strain relationship will produce a 
pure shear strain on the same principal axes. Now, if the principal axes are 
known, both pure shear stresses and pure shear strains can be represented by 
single numbers. Thus, the state of strain resulting from a pure shear stress 
can be determined from the relationship between these numbers, and so only 
one material-dependent relationship is necessary to define the response of 
this material to a pure shear stress. 

Note that we used the assumption of isotropy several times in the above 
argument, and so the conclusion would not hold for an anisotropic material. 
For such a material, we would need to know all the parameters of the strain 
ellipsoid to specify the resulting strain, and the relationship between each 
parameter and the stress would have to be known to make the calculation, 


4-5 Deviatoric stress on an isotropically deformable body 


From Section 3-14, a deviatoric stress can be regarded as being composed 
of pure shears on two of the principal planes. We have seen above that a 
pure shear stress will produce a pure shear strain. Hence, the resultant state 
of strain will be a superposition of pure shears, and, from Section 2-17, this 
is a deviatoric strain. Thus, a deviatoric stress will produce a deviatoric 
strain on the same principal axes. Furthermore, since the material is isotropic, 
the shear strain resulting from each of the pure shear stresses into which the 
deviatoric stress is resolved can be determined from the same material- 
dependent relationship—that between a pure shear stress and a pure shear 
strain. Again the assumption of isotropy has entered into the above conclu- 
sion. In general, for an anisotropic material, the principal axes of stress 
and strain will not coincide, the strain will not be entirely deviatoric, and 
more than one material-dependent relationship will be necessary to relate 
the stress and strain. 


4-6 Any state of stress on an isotropically deformable body 


From Section 3-15, any state of stress can be resolved into deviatoric and 
dilatational components. From Section 4-3, the dilatational component 
will produce only a dilatational strain, and this can be determined knowing 
only a single material-dependent relationship. From Section 4-5, the devia- 
toric component will produce only a deviatoric strain on the same principal 
axes, and this can be determined knowing only a single material-dependent 
relationship. Providing the strains are small and the assumption of linearity 
is valid, these two strain components can then be superimposed to give the 
state of strain resulting from the applied stress. This will be on the same 
principal axes as the applied stress, and will have been determined knowing 
only two material-dependent relationships. 
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Hence, for any state of stress, the principal axes of stress and strain will be 
coincident, and the magnitude of the strain can be determined knowing only two 
material-dependent relationships—that between dilatational stress and dilata- 
tional strain, and that between a pure shear stress and a pure shear strain. 

This is a somewhat surprising conclusion. There are innumerable ways 
of applying a stress to a body, and each of these ways produces a different 
kind of deformation. It would appear at first sight that different information 
about the material might be necessary to relate each stress to each strain. 
However, our analysis in the preceding chapters has shown that, providing 
the strains are small, any stress or strain may be represented by a dilatation 
combined with pure shears. It therefore follows from the arguments in this 
chapter that, provided the material is isotropically deformable and stress 
and strain are linearly related, then only two material-dependent relation- 
ships are necessary to determine the deformation produced by any applied 
stress. One of these gives information about the forces necessary to change 
the volume of the material, keeping its shape constant, i.e., to increase the 
distance apart of the molecules. This is called the bulk modulus (Section 4-8). 
The other gives information about the forces necessary to change the shape 
of the material, keeping its volume constant, i.e., to slide planes of molecules 
over each other keeping their distance apart the same, and is called the 
shear modulus (Section 4-8). 


4-7 Nature of the material-dependent relationships 


Our analysis of stress and strain has now reached a point where we might 
start the experimental study of materials. Hitherto, the value of experiments 
was limited because it was not clear which types of stress and strain would 
yield the most useful results. Also, it was not certain whether different — 
methods of deforming a body would supply different information about the 
material, or just supply the same information in different form. We have now 
resolved these difficulties, but another difficulty remains. Stresses are the 
internal forces acting across planes of unjt area drawn in the body; strains 
are determined from the lengths of the principal axes of the ellipsoids which 
result from drawing spheres of unit radius in the body before deformation. 
We cannot measure either of these quantities directly; we can only measure 
the forces applied to the surface of a body and the changes in its dimensions. 

While it might be possible to deform a body, in uniform dilatation or 
pure shear, so that the stress and strain could be calculated directly from the 
forces applied to its boundaries and the changes in its dimensions, such 
experiments are not easy. It is simpler to make assumptions about the nature 
of the stress-strain relationships, and use these to calculate the deformations 
produced by stress systems which can be easily applied experimentally. 
If we then compare the experimental results with the calculated results, we 
will test the validity of the assumptions. Let us make the following assump- 
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tions (the second is the assumption of linearity introduced in Section 4-3; 
it is re-stated here to gather relevant information together): 


1. The strain is completely defined by the stress. 
2. The strain is proportional to the stress. 


The first assumption implies that, if we know the stress, we have sufficient 
information to calculate the strain. For example, the strain produced by a 
given stress would be the same, whether the stress was applied and held 
constant for a very long time, or whether it was applied only for a fraction 
of a second. According to the assumption, information of this nature is 
irrelevant. (It must, however, be realized that the assumption is not intended 
to imply that the strain produced by a given stress is independent of the 
temperature. Throughout this book it is assumed that temperature is con- 
stant.) This assumption is known as the assumption of perfect elasticity, 
and a material obeying it is known as a perfectly elastic material. 

The second assumption implies that, for pure shear or dilatation, a graph 
of stress against strain would be a straight line through the origin. This 
assumption is known as Hooke’s law and materials obeying it are called 
Hookeian materials. If the relationships between stress and strain are linear, 
then each relationship can be defined by a single number, the elastic modulus, 
giving the slope of the line. 


4-8 Elastic moduli 

We have now seen that the strain produced in an isotropic, perfectly elastic, 
Hookeian material can be derived for any state of stress knowing only two 
material-dependent constants—the bulk and shear moduli of elasticity. 
They are defined as follows. 


Bulk modulus of elasticity. k 

Consider a dilatational stress applied to a body. Let it be specified by the 
principal stress oa. The strain produced is entirely dilatational and is specified 
by the dilatational strain 4, which is defined in Section 2-14 as the change in 
volume per unit volume. Then the bulk modulus k is given by 


k = 04/4 (4-1) 
Since the principal strain in dilatation eq = 4/3, then 
og = 3eqak (4-2) 


Note that the bulk modulus of elasticity often appears in thermodynamical 
equations. It is then defined as 


k = —VdP/dV (4-3) 


92 RELATIONSHIP BETWEEN STATES OF STRESS AND STRAIN 


where V is the volume and P the pressure. Since the pressure is hydrostatic, 
it is equal in magnitude to the principal stress, and dV/V is the dilatational 
strain A. Thus Eqns. (4-1) and (4-3) are identical except for the negative 
sign. This arises because inward acting pressures are taken as positive in 
thermodynamics, whereas outward acting stresses are positive in elasticity. 
Since an outward acting stress causes an increase in volume in all substances, 
both equations lead to positive values of bulk modulus, and moduli deter- 
mined according to Eqn. (4-1) can be used in thermodynamical equations. 


Shear modulus of elasticity wu 

Consider a pure shear stress applied to a body. Let it be specified by the 
positive principal stress o. The pure shear strain which is produced is specified 
by the angle of shear y. (The particular angle of shear referred to is the 
change in angle between two lines which are initially perpendicular, and which 
do not change in length under shear.) The shear modulus y is given by 


= oly (4-4) 


From Section 2-11, the two lines between which the angle of shear is measured 
are at 45° to the principal axes, and the shear strain between these lines is 
of the same magnitude as the principal strain. Also, from Section 2-3, the 
shear strain is equal to half the angle of shear. Thus, if ¢ is the magnitude 
of the principal strain, e = 4y, and hence 


o = 2eu (4-5) 
4-9 Simple shear 
So far, in considering the relationship between a shear stress and strain, we 
have considered only pure shear. In Section 3-13 we showed that, if a simple 
shearing force is applied to a body, then the system of forces which exists at 
equilibrium constitutes a pure shear, the additional forces required to main- 
tain equilibrium being generated by rigid body movement. Thus, the strain 
must be a pure shear plus a rigid body movement. Now, from the definition 
of a simple shear stress, the directions in space of planes of particles at 45° 


Soy 


(a) (b) 


Fig. 4-3 Simple shear stress and strain 
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to the principal axes are fixed. Thus, the rigid body rotation must satisfy 
this condition and, from Section 2-15, such a deformation is a small simple 
shear strain. 

Hence, the simple shear stress shown in Fig. 4-3(a) will produce the simple 
shear strain shown in Fig. 4-3(b). Furthermore, since o,, is equal in magni- 
tude to the principal stress, and the angle of shear y is that used in the 
definition of the shear modulus, o,, and y are related by the shear modulus 
as in Eqn. (4-4). 


4-10 Worked examples 


1. Forces are applied to a block of material as illustrated in Fig. 4-4. The 
forces are given in 10° dyn and the dimensions in cm. Equal and opposite 
forces are applied to the other faces to maintain equilibrium. Under the 


Sh 


6 


Fig. 4-4 Worked example 4-10(1) 


action of these forces the edges in the x direction increase in length by 0-003 
cm. Determine the changes in length of the other edges and the bulk modulus 
of the material. 


Each of the forces acts in a direction perpendicular to the face to which it 
is applied; therefore there is no tangential component acting on any face. 
Also, the applied forces are mutually perpendicular. Hence, the directions 
of these forces are the directions of the principal axes of stress. The magni- 
tudes of the principal stresses are found by dividing the magnitude of the 
force by the area of the face on which it acts. Thus 


o, = 2 Xx 10°/2 = 10° dyn/cm? 
6, = 3 X 10°/3 = 10° dyn/cm? 
o, = 6 x 109/6 = 10° dyn/cm? 


Since the principal stresses are equal, the stress is dilatational, and so, by 
Section 4-3, the strain must also be dilatational. The three principal strains 
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are therefore equal. Since the edges in the x direction increase in length by 


0:003 cm 
&, ='0-003/3 = 107% 


and e, and ¢, must be equal to this value. The dilatational strain is therefore 
equal to 3 x 10-% and the bulk modulus equals 10°/(3 x 107%) = 3-3 x 10" 
dyn/cm?. The edge in the y direction increases in length by 2 x 10-* cm, 
and that in the z direction by 1 x 10°? cm. 


2. Forces are applied to a block of elastically isotropic material as shown in 
Fig. 4-5. The forces are given in 10® dyn and the dimensions in cm. Equal 


Z; Y 


Fig. 4-5 Worked example 4-10(2) 


and opposite forces are applied to the other faces to maintain equilibrium. 
If the shear modulus of the material is 2 x 1014 dyn/cm?, determine the. 
change in length of the sides of the sides of the block. 

Using the same arguments as in the previous example, the principal axes 
of stress are in the directions of the coordinate axes. The principal stresses 
are 
0, = —14 x 108/7 = —2 x 108 dyn/cm? 
oy = 24 x 108/12 = 2 x 10° dyn/cm? 
o,=0 


This state of stress is a pure shear and so, by Section 4-4, the strain must 
also be a pure shear on the same principal axes. Thus, the angle of shear is 
found by dividing the positive principal stress by the shear modulus, and is 
equal to 


(2 X10°)/(2" 104) = 10 


The principal strains are equal to half the angle of shear and are +0-5 x 10-3, 
Thus the x direction decreases in length by 0-5 x 10-3 x 12 = 6 x 10-3cm 
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and the y direction decreases in length by 0-5 x 10-3 x 7 = 3-5 x 10-3 cm. 
The z direction is unchanged in length. 


3. A block of material and the forces acting on it are shown in Fig. 4-6. 
The forces are given in 10° dyn and the dimensions in cm. If the edges in the 
x direction increase in length by 0-018 cm under the action of these forces, 
determine the shear modulus and the changes in length of the other edges. 


Using the same arguments as in the previous examples, the principal 


Z 


Fig. 4-6 Worked example 4-10(3) 


axes of stress are in the directions of the coordinate axes. The magnitudes 
of these stresses are given by dividing the force by the area on which it acts. 
Thus 

o, = 10°/3 dyn/cm? 

o, = 10°/3 dyn/cm? 

o, = —2 x 109/3 dyn/cm? 


The sum of these stresses is zero and so the stress is deviatoric. It can there- 
fore be represented by two pure shears. Furthermore, if these are chosen so 
that only one of them changes the length in the x direction, the shear modulus 
can be found from the ratio of this shear to the change in length in the x 
direction, which is given. This division into two shears can be done by 
inspection and is shown in Fig. 4-7. 

If the shear modulus is yz, the angle of shear due to the first of these pure 
shears, which is the one causing a change in length in the x direction, is given 
by the positive principal stress divided by w. Thus, 


Angle of shear = 109/3u 
and so the principal strains are +10°/6y. 
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Fig. 4-7 Analysis of deviatoric stress: worked example 4-10(3) 


The positive principal strain is ¢, which, from the given dimension change, 
is 0018/9 = 0-002. 


Thus 109/64 = 0-002 
and fp = 8:3 x 10! dyn/em? 


Since in pure shear the principal strains are of equal magnitude but opposite 
sign, the component of e, due to the first pure shear is —0:002. The magni- 
tudes of the principal stresses of both pure shears into which the deviatoric 
stress has been divided are equal; thus the component of e, due to the second 
shear is also —0-002. Therefore 


€, = —0:004 and e, = 0-002 


Hence, the edges parallel to the y direction increase in length by 5 x 0-002, 
or 0:01 cm, and the edges parallel to the z direction decrease in length by 
0-012 cm. 


4. A block of material and the forces acting on it are shown in Fig. 4-8. 
The forces are given in 10° dyn and the dimensions in cm. Given that edges 


Ce 


Fig. 4-8 Worked example 4-10(4) 
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in the x direction contract by 0-014 cm and those in the y direction extend 
by 0:0043 cm, calculate the change in length of edges parallel to the z direc- 
tion, and the shear and bulk moduli. 


As in the previous examples, the principal axes of stress are in the directions 
of the coordinate axes and are given by 
O, = —10° dyn/cm? 
o, = 10°/2 dyn/cm? 
2 =3 X 109/4 dyn/cm? 


Q 
I 


The principal stresses of the dilatational component are given by 
Gq = (—1 + 05 + 0-75) x 109/3 = 109/12 dyn/cm? 


Thus, if & is the bulk modulus, the principal strains of the dilatational 
component, from Eqn. (4-2), are given by 


Eq => 10°/36k 
th 
| 
| 
| 
| Py: 
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Fig. 4-9 Analysis of deviatoric stress: worked example 4-10(4) 


The principal values of the deviatoric component of the stress are found by 
subtracting oa from o,, o,, and o,, in turn, giving 

Ong = —13 X 109/12 dyn/cm? 

Oyq = 5 X 109/12 dyn/cm? 

O,4 = 8 X 10°/12 dynjem? 


One of the ways in which this can be resolved into two pure shears is 
shown in Fig. 4-9. 

If « is the shear modulus, the angle of shear due to the first of these pure 
shears is 5 x 10°/12u, and that due to the second is 8 x 10°/12u. Thus, 
the principal strains due to the first are +5 x 10°/24u, and those due to the 
second are +8 x 10°/24u. Superimposing these gives the principal strains 
of the deviatoric component as 


faq = —13 X 10°/24u 
éyq = 5 X 10°/24u 
faq = 8 X 109/24u 
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Hence the principal values of the total strain are 


= &4 + Exq = 109/36k — 13 x 109/24u 
Ey = €4 + Eyq = 109/36k +5 x 10°/24u 
&, = €4 + Eq = 10°/36k + 8 x 109/24u 


From the information given, ¢, = —1:4 x 10-?/8 and e, = 43 x 10-%/6. 
Substituting these in the first two of the above equations and solving for k 
and mu gives w = 3:03 x 104 and k = 8-84 x 10" dyn/cm?. Substituting 
these values of k and yu in the third equation gives ¢, = 0-00113, and thus the 
edges parallel to the z direction extend by 0:00339 cm. 


Relevant exercises: Nos. 4-1 and 4-2. 


4-11 Relationship between principal stresses and strains 
The system of stresses applied in Example 4 above had both dilatational and 
deviatoric components. Since any state of stress can be resolved into these 
components, the state of strain produced can be found by the method used 
in this example. In this section we will do this algebraically, and derive a 
set of equations expressing the principal stresses in terms of the principal 
strains and the elastic moduli. If we are given the stress, we have to determine 
three unknown principal strains to find the state of strain. Similarly, if we 
are given the strain, we must determine three unknown principal stresses. 
Hence, we require a set of three simultaneous equations. 

The state of stress is defined by the principal stresses o,, o,, and o,, and 
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Fig. 4-10 Analysis of stress into a dilatation and two shears to determine the relationship 
between principal strains and principal stresses 
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we can analyse this state into a dilatational component and two pure shears 
as follows (Fig. 4-10). 


The principal stresses of the dilatational component are given by 


Cae 3(o, ey tr 0,) (4-6) 
The principal stresses of the deviatoric component are given by 
Ong = 0; — Oa (4-7a) 
Oyq = 0, — Ga (4-7b) 
O.q = 0, — Oa (4-7c) 


The deviatoric component can be regarded as being composed of two shears: 
(1) in the principal plane normal to the z axis and comprising 0,4 along the 
x axis and —o,, along the y axis, and 
(2) in the principal plane normal to the x axis and comprising o,4 along 
the z axis and —o,, along the y axis. 


Thus Oya = —(Ora + Fra) (4-8) 


which would be expected for a deviatoric stress. 

We can find the principal strains of the dilatational strain component 
from the dilatational component of the stress. From Eqn. (4-2), they are 
given by 

Eq = Oq/3k (4-9) 


We can find the principal strains of the deviatoric strain component from the 
pure shear stresses. From the first shear stress and Eqn. (4-5) 


Exd = Onq/2p (4-10a) 
From the second shear stress 
Exq = O,q/2u (4-10b) 


Since these principal values, together with e,g, must form a deviatoric 
strain, then 
Eya = —(Exa + &2a) (4-10c) 


The principal stresses and strains can now be related by substituting from 
Eqns. (4-9) and (4-10) in Eqn. (4-7) 


be. ae (4-11a) 
Oy =e 3keq + 2MEyq (4-11b) 
Co, = 3keq + 2MExg (4-11c) 


We now have to express €g and ¢,q, etc., in terms of the total principal strains 
Eq, Ey, and €,. 


100 RELATIONSHIP BETWEEN STATES OF STRESS AND STRAIN 


Now éa = F(e, + & + &) (4-12) 
and Enq = Ex — Eq (4-13a) 
Eyq = by — 4 (4-13b) 

Enq = €, — Eq (4-13c) 


Substituting for ¢,4, etc., in Eqn. (4-11) from (4-13) gives 
O, = (3k — 2w)eg + 2Me, (4-14) 


with similar equations for o, and o,. 
Substituting for eg in Eqn. (4-14) from (4-12) and writing 


A=k—u (4-15) 

gives O, = (A+ 2u)e, + he, + éE, (4-16a) 
o, = he, + (A + 2u)e, + hE, (4-16b) 

o,= he, + he, + (A+ 2wWe, (4-16c) 


We make the substitution of Eqn. (4-15) merely for convenience in writing 
down the equations. Since A is expressed in terms of k and w, it is another 
means of stating one of the moduli needed to define the elastic properties 
of a material. However, it does not have the clear physical interpretation 
of k and w. A and yw are referred to as the Lamé constants of the material. 

The Lamé constants can thus be defined as two moduli necessary to relate 
the principal stresses and strains in an isotropically deformable material. 
The first, given by the symbol A, is equal to the difference between the bulk 
modulus and two-thirds of the shear modulus; the second is equal to the 
shear modulus. 

From Eqns. (4-16), we can determine the principal stresses if the principal 
strains are given. In order to determine the principal strains when the 
principal stresses are given, we can derive equations by solving the three 
simultaneous equations (4-16) for «¢,, ¢,, and ¢,. The solutions are 


2u(3A + 2p)e, = 2(A + p)o, — ho, —ho, (4-17a) 
2u(3A + 2u)e, = —do, + 2(A + po, — ho, (4-17b) 
2u(3A + 2u)e, = —ho, —ho,+2(A + wo, (4-17c) 


The coefficients of the terms in both sets of Eqns. (4-16) and (4-17) are 
arranged according to the same pattern, which should be carefully noted. 
Coefficients on the left-hand side are all the same; those on the right-hand 
side form an array. The coefficients lying on the principal diagonal of this 
array are identical; the remaining six are also identical. Hence, each set of 
equations comprises only three different terms, the left-hand side, the 
diagonal, and the off-diagonal. Once these are known, the complete set 


can be written down, or, given one equation, the remaining two can be 
deduced. 
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We will explore the properties of these equations in worked examples, 
but the form of Eqns. (4-17) reveals one feature of paramount importance 
in studies of stress and strain. Each one of the principal strains, ¢,, ¢,, €,, 
is influenced by all three principal stresses, not just that along its own axis. 
Thus, if a stress is applied to a body along one direction only, the body will 
be in a three-dimensional state of strain. Similarly, if a one-dimensional 
strain is required, then stresses must be applied along all three dimensions. 
It is this characteristic which makes the response of an isotropic body to 
stress different from its response to other physical stimuli. For example, if 
an electric potential gradient is applied to such a body, then the current will 
flow in the direction of this gradient. Thus, considerable progress can be 
made in the study of electrical phenomena by one-dimensional treatments—a 
simplification not possible with elasticity. It is because of this difference in 
experimental response that stress is a second rank tensor, whereas quantities 
such as potential gradient are vectors. 


4-12 Relationship between non-principal stresses and strains 

If we know the principal strains, then using Eqns. (4-16) we can calculate 
the principal stresses. Similarly, if we know the principal stresses, we can 
calculate the principal strains using Eqns. (4-17). If the state of stress is 
given with reference to coordinate axes which do not lie along the principal 
directions, it is always possible, in principle, to determine these directions 
and hence the principal stresses. We can then use the above equations to 
find the principal strains, and the strain components with respect to the 
original coordinate axes can then be calculated if necessary. But there is a 
more direct method, given below. We consider the case in which the stress 
components are given and the strain components are required. The method 
could equally well be used to find the stress to produce a given state of strain. 

If the coordinate axes do not lie along the principal directions, we need six 
quantities to specify the stress—Oj, Gyy, O22» Say, Oza, aNd o,,. This stress 
can be applied in two stages, as shown in Figs. 4-11(a)-(c). (For clarity, the 
stress components acting on the hidden faces in this diagram have been 
omitted.) First, the normal stresses, o,,, etc., can be applied [Fig. 4-11(b)], 
and then thé shear stresses [Fig. 4-11(c)]. If we can find the states of strain 
for each of these states of stress then, for small strains, they can be super- 
imposed to give the final state of strain. 

We can easily determine the state of strain caused by the normal stresses 
acting on their own from Eqns. (4-17), since the principal directions of such a 
state of stress would lie along the coordinate axes. The principal strains so 
obtained lie along the coordinate axes, and so are extensional strains, €,., 
etc., in these directions. 

Consider now the stress o,, acting on its own [Fig. 4-11(d)]. From Section 
3-8, this is a pure shear with principal stresses of magnitude +¢,, in directions 
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(b) 


(d) 


Principal stresses 


(e) 


Fig. 4-11 Derivation of relationship between non-principal stresses and strains 
(a) Original state of stress, (b) Ist stage to be applied, (c) 2nd stage to be applied, (d) Shear 
stress oz, applied alone, (e) Shear stress o,, referred to principal axes 


at 45° to the x and y coordinate axes [Fig. 4-11(e)]. The strain produced by 
this stress must therefore be a pure shear on the same principal axes, and so 
6, Will produce only strain components in the XY plane (i.e., only ¢,,, E,,, 
and €,, can be non-zero). Now, from Section 2-11, a pure shear strain does 
not alter the lengths of lines at 45° to the principal axes. Since, in this case, 
these are lines parallel to the directions of the x and y coordinate axes, 
Egy and €,, must both be zero, and only «,, can be non-zero. We can find the 
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angle of shear between the x and y axes from the shear modulus and the 
principal stress, using Eqn. (4-4), and determine the shear strain ¢,,, which 
is equal to half the magnitude of this angle. In a similar way, we can find 
€,, and ¢,, from o,, and o,,, respectively, and for each of these stresses the 
other strain components are all zero. 

Thus, we can find strain components with respect to any set of axes, 
knowing the stress components for the same axes, by determining the 
extensional strains from the normal stresses using Eqns. (4-17), and the shear 
strains from the shear stresses using Eqn. (4-4). 


4-13 Worked examples 
1. A principal stress o,, is applied to a material with Lamé constants 4 and u, 
the other principal stresses being zero. 
(a) Determine the principal strains. 
(b) Calculate the principal stresses, o, = o, = o, which must be applied 
to restore ¢, and e, to zero, and find the change they produce in é¢,. 
(c) Determine the principal stresses which must be applied if ¢, and e, 
are zero whilst e, is the same as in (a) above. 


(a) Initially the principal stresses are o,, ¢, = o, = 0. To find the principal 
strains, substitute these values in Eqns. (4-17): 


A 
fetes 
U(3A + 2p) 
- =A 
ae POR errr OF 
2u(3A + 24) 

(b) Principal stresses o, = o, = o are now to be applied, o, remaining 
unaltered, so that e, = ¢, = 0. Let the new value of «, be ¢,. Since, in this 
case, two of the principal strains are zero, it is simpler to substitute the 
known stress and strain components in Eqns. (4-16): 

o, = (A+ whe, 
o=s Ae, 
Eliminating ¢/, between these equations gives 


A 
A+ 2u 


which is the principal stress that must be applied in the y and z directions 
to restore the principal strains in this direction to zero. Substituting the 


value obtained for o gives 


Oz 
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Therefore the change in é, is given by 


; | I (A + /) | 
oe E, = _ Ox 
A+ 24 (34+ 2p) 


which, on simplification, becomes 
ay: 
kaa TAS ae 
(3A + 2u)(A + 2p) 


(c) Let the principal stresses which must be applied so that e, and e, 
are both zero, whilst ¢, is the same as in (a) above, be given by o/, in the x 
direction, and o’ in the y and z directions. These stresses must produce 
principal strains e, = e, = 0, and ¢, = 0,(A + u)/u(34 + 2u). Substituting 
these values in Eqns. (4-16) gives 


fi (A + 2u)(A net 


x x 


w(32 + 2p) 
’ AA + 
po Penert o. 
2. The stress acting on a body is defined by the following components: 
Ong = 3 X 10° dyn/cm? Oy, = 5 X 10° dyn/cm? 
Oz, = —1 X 10° dyn/cm? Spy = 2:5 X 10° dyn/cm? 


On, = —1:5 X 10° dyn/cm? Oy, = 4 X 10° dyn/cm? 


If the Lamé constants of the material are A = 10" and w = 3 x 104 dyn/cm?, 
determine the strain components. If the material is in the form of a rec- 
tangular parallelepiped, with edges parallel to the coordinate axes and of 
length OX = 5cm, OY = 10cm, OZ = 3 cm, determine the change in the 
lengths of these sides and the change in the angle between them. Determine 


also the change in length of the diagonal of the parallelepiped from the 
origin. 


From Section 4-12, ¢,,, etc., are given by substituting o,,, etc., in Eqns. 
(4-17): 
2X13 * 10 ea x0e = 10" x Ao 
= 0-6 x 3-6 x 10 
= 1:76x 10-3 
Similarly, Sy =5'09 X10 
&,, = —490 x 10-3 
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Ey» etc., can be found by substituting o,,, etc., in Eqn. (4-5). This gives 
Ew = 4:16 x 1078 Exe = —2°) X 10-8 Ey, = 6°67 x_10-° 
The change in length of the edge OX is equal to OXe,,,, and similarly for 
OY and OZ. Hence 
OX extends by 8-80 x 10-3>cm 
OY extends by 50-9 x 10-3 cm 
OZ contracts by 14-7 x 10-3 cm 
The change in angle between a pair of mutually perpendicular lines is 
equal to twice the shear strain between them. Shear strain is positive when a 
positive axis rotates towards a positive axis. Thus 
the angle between OX and OY decreases by 8:3 x 10-3 radians 
the angle between OX and OZ increases by 5-0 x 10-3 radians 
the angle between OY and OZ decreases by 13-3 x 10-3 radians 
To find the change in length of the diagonal we use Eqns. (2-12). One 
end of the diagonal lies at the origin, the other end at (x,y,z) where x = 5, 
y = 10, z=3. If the end at the origin remains fixed during deformation, 
the other end is displaced to (x’,y’,z’) in a coordinate system defined by the 
edges of the undeformed block, the coordinates (x’,y’,z’) being given by 
Egns. (2-12). Substituting for «,,, etc., in these equations gives 
x —x=42:9 x 10% cm 
y —y = 91-7 x 10 cm 
2739 510 cm 
The length of the diagonal after deformation is given by 
Ge + y? + ge 
From the values just derived, x’ — x is small compared with x, and similarly 
for y and z. Hence this length may be written 
[(x2 + y? + z*) + 2(42-9x + 91-7y + 39-5z) x 10-3}? 
which equals [(x? + y? + 2?) + 2-50}? 
Before deformation the length of the diagonal is given by (x? + y® + 2%)!” 
which equals 1341/2. Therefore the change in length of the diagonal on de- 


formation is given by 
(134 + 2-50)1/2 — 1341 


This can be evaluated by the binomial theorem, giving the change in length 
as 0-11 cm. 
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3. A unit cube of material is acted upon by the forces shown in Fig. 4-12(a). 
F, and Fy have a total resultant magnitude of 4 x 10° dyn, are directed in 
the XZ plane at an angle of 30° to the negative x direction, and are distrib- 
uted over the faces to which they are applied so as to produce a state of 
uniform stress. An equal and opposite force is applied to the two opposite 
faces to maintain equilibrium. 


Applied 
force 


(b) 


Principal axes 


Fig. 4-12 (a) Worked example 4-15(3), (b) Stresses in XZ plane 
(c) The strain ellipsoid 


(a) Determine the magnitude and directions of the principal stresses. 
(b) If the shear modulus is 3 x 10" and the bulk modulus 101? dyn/cm?, 
determine the magnitudes and directions of the principal strains. 

(c) Calculate the change in volume of the cube on applying the stress. 

(d) Calculate the changes in length of the edges of the cube. 

(ce) Calculate the changes in angle between the edges of the cube. 

(f) Determine the magnitudes of F, and F). ; 
(a) The forces all lie in the XZ plane and Fig. 4-12(b) shows a section 

of the cube in this plane. The only force applied is a tension at 30° to the 

x axis and so this is the direction of one principal axis of stress. No forces 

act in a plane perpendicular to this direction, and so the other principal 

directions can be any two mutually perpendicular lines in this plane. For 
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convenience, one direction will be taken as the line of intersection of this 
plane with the XZ plane, the other direction will then be parallel to the y 
axis. The applied force is distributed over the faces AB and BC. It therefore 
acts normally to the planes CC, and AA,. Thus the principal stress is equal 
to the applied force divided by the area of these planes. Therefore 


4 x 10° 
sin 30° + cos 30° 
= 2:93 x 10° dyn/cm? 
The other two principal stresses are zero. 
(b) Since k = 10¥ and w= 3 x 104 dyn/em?, from Eqn. (4-15), A= 


8 x 10% dyn/cm?. Substituting 2, uw, and the principal stresses in Eqns. 
(4-17) gives 


principal stress = 


principal strain in direction of non-zero principal stress = 3-56 x 10-3 
principal strains in directions of zero principal stresses = —1-30 x 10-3 


(c) The dilatational strain is equal to the sum of the principal strains and 
is equal to the increase in volume divided by the initial volume. Therefore, 
the change in volume = 0:96 x 1073 cm?. 

(d) The polar equation of the section of the strain ellipsoid lying in the 
XZ plane is 

cos’ 6 sin” 0 Zak 

(350 105) (1 1:30 5010)? 7? 
This is illustrated in Fig. 4-12(c) which shows the meaning of r and 6. Thus 
the strain in the direction of the edge lying along the x axis can be determined 
from 

har (cos 30°)? (sin 30°)? 
re (1 +3:56x 10°) (1 —1:30 x 10°? 
Neglecting squares of small quantities and solving by the binomial theorem 
gives r = 1 + 2:35 x 10-*cm. Thus the extensional strain in edges parallel 
to the x direction is 2-35 x 107%, and so these edges increase in length by 
2:35 x 10-3cm. By putting 0 equal to 120°, the strain in the z direction can 
be found, from which we find that the edges parallel to the z direction decrease 
in length by 0-085 x 10-?cm. Note that the values of @ used above are the 
angles between the principal axes and the edges of the cube before deforma- 
tion. To be strictly correct, we should have used the angles after deformation, 
which are slightly different. However, for small strains the errors caused 
by this simplification are negligible. 

The y direction of the cube is one of the principal directions of strain 
along which the principal stress is zero. Thus, the strain in the y direction = 
—1-30 x 10-3 and so edges parallel to the y direction decrease in length by 
1:30 x 10-3 cm. 
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(e) If the principal strains are labelled as in Fig. 4-12(c), then, from Eqn. 
(2-26), the angle ¢ which a line makes with the ¢, principal axis after deforma- 
tion is given by 
1+ & 


1+ 


tan 6 


tan d = 


where 0 is the angle the line makes with the axis before deformation. The 
change in angle during deformation is given by tan ($ — 6). Expanding and 
substituting from above gives 


7 (€, — €,) tan 6 
“a+ 24) + 0 +2) tan’ 


e, and é, are both very small, and so is ¢ — @ (the change in angle during 
deformation). We can therefore simplify the expression to 


tan (¢ — 6) 


(eg —€)tan@  (€, — &) sin 20 


 ()\ = 
(p ) 1 + tan? 0 2 


The change in angle between the edge OX of the cube and the principal 
axis is obtained by substituting 6 = 30° in this expression giving 


@ — 6 = —2:10 x 10° radians 


The change in angle between OZ and the principal axis is obtained by sub- 
stituting 6 = 120° giving 


@ —9=2-10 x 10° radians 


From the signs of these quantities, OX rotates clockwise while OZ rotates 
anticlockwise. Thus, the angle between OX and OZ increases by 4:20 x 10-3 
radians. 

Since the plane containing the x and z axes also contains the principal 
axes, the y axis must remain perpendicular to this plane during deformation. 
Therefore the angles between OX and OY and between OZ and OY are 
unaltered by the deformation. 

(f) From Fig. 4-12(a), since o,, = o 


22 


F,-cos'30° == Fe 'sin 30° 


(the faces of the cube are of unit area). Therefore \ 
F,/F, = tan 30° 
We are given that F, + F, = 4 x 10° 


Solving these two equations for F, and F, gives 


F, = 1:46 x 10° dyn and Fy = 2:54 x 10° dyn 
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Relevant exercises: Nos. 4-3 to 4-6. 


4-14 Summary 


We have derived the following conclusions about the effects of stress on an 
isotropically deformable body. These conclusions are only valid for small 
strain and we have to assume that the properties of the material are such 
that (a) stress and strain are linearly related, and (b) strain is completely 
determined by stress. 

(i) A dilatational stress produces a dilatational strain (Section 4-3). 

(ii) A pure shear stress produces a pure shear strain on principal axes 
coincident with those of the stress (Section 4-4). 

(iii) A deviatoric stress produces a deviatoric strain on principal axes 
coincident with those of the stress (Section 4-5). 

(iv) Any state of stress produces a state of strain on principal axes coin- 
cident with those of the stress, and related to it by two material-dependent 
relationships (Section 4-6). 

(v) (a) The constant of proportionality relating dilatational stress to 

dilatational strain is the bulk modulus, k. 
(b) The constant relating the shear stress to the angle of shear is the 
shear modulus, w. 

(vi) Principal stresses and strains may be related as described in Section 
4-11; non-principal stresses and strains are described in Section 4-12. In 
these calculations it is convenient to use moduli known as the Lamé constants, 
A and mw, where A = k — 2wand yw is the shear modulus defined above. 


EXERCISES 


Sections 4-1 to 4-10 


4-1 A rectangular parallelepiped is made from material whose shear and bulk 
moduli are 3 x 10'4 dyn/cm? and 10" dyn/cm? respectively. The three mutually 
perpendicular edges of this block form a set of cartesian coordinates and the lengths 
of the edges along these axes are OX = 11 cm, OY = 8cm, and OZ = 5cm. 
Forces F,,, F,, and F, are applied, in the directions indicated by the suffixes, to the 
faces normal to those directions. Determine the change in length (in cm) of the 
edges for each of the following sets of forces (in 10° dyn). 


Fe Vee F; 
160 110 88 
40 55 88 
20 ae —132 
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4-2 The block of material in the previous example is subjected to forces of 
132 x 108 dyn which are applied to the faces normal to the z direction. The force 
applied to the face whose outward drawn normal is positive acts in the negative 
x direction and that applied to the other face acts in the positive x direction. 
Forces acting in the z direction are applied to the faces normal to the x direction 
and are of such a magnitude and act in such a direction that the block is in both 
rotational and translational equilibrium. Determine the change in angle between 
the edges along the x and z directions. 


Sections 4-11 to 4-13 


4-3 Fill in the gaps in the following table. The stresses and strains are all principal 
values, the stresses are in units of 10° dyn/cm’, the strains in units of 10-*, and the 
moduli in units of 101 dyn/cm?. 


Ex Ey é, on Cy a: ys ll k 
(ay iS 9) 2°9 3-4 0:3 1:0 
(b) 3-0 —5-0 —40 09 0-35 
(c)e 1:0) 925 7 2-0 5 6:0 


4-4 Fill in the gaps in the following table. The units of stress, strain, and moduli 
are as in the previous problem. 


Exe Eyy Enz Exy Enz Eyz Org Oyy 
(a) 1:0 —2:0 —1:5 2°5 —3°-5 2:0 
(b) —1-5 2:0 —1-0 —4-0 2:5 
(c) ite: 5-0 1-5 —2:0 
Ox On Ox Oyz A “ k 
(a) 1-0 0-5 
(b) 1:0 0-9 1:2 
(c) 2°5 2:0 —3-0 —1-0 


4-5 If, in the previous problem, the body is a rectangular parallelepiped of 
which three mutually perpendicular edges define the coordinate system, determine 
in each case the forces acting on the faces of the body, the changes in length of its 
edges, and the changes in the angles between these edges when they have the 
following lengths: 


(a) OX =3cm OY = 10cm O77= cme 
(b) OX =5cm OY =4cm OZ = 8 cm. 


4-6 A vertical glass tube is closed at the lower end and open at the other. It is 
marked with a graduated length scale from its closed end and contain’ water up 
to a certain graduation mark. A weight is hung from the lower end of the tube. 
Show that, for small strain, the change in length of the water column as read from 
the graduated scale is 

3A + 4yu)o? 


4u?(34 + 2u)? 


where / is the original length, o the axial stress, and 4 and y are the Lamé constants, 
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Analysis of special types of deformation 


5-1 Introduction 

In the preceding chapters we have discussed the basic concepts which are 
necessary for the study of the deformation of solid bodies. One of the 
purposes of such a study is to enable the changes in the dimensions of a 
body caused by forces acting on it to be calculated. In this chapter, we 
consider some problems of practical interest in which the derivation of the 
state of stress from the applied forces, or the state of strain from the given 
deformation, is much more difficult than in the problems we have considered 
up to now. In fact, in some cases a complete analysis is too difficult, and we 
have to simplify the problem either by making assumptions or by performing 
experiments. We also meet problems involving non-uniform states of stress 
and strain. 

In many practical cases, the forces applied are contact forces. Often they 
are exerted by weights which rest on the body, or are attached to it by clamps. 
In more complicated structures the forces are transmitted by rivets or bolts. 
It is obvious that the distribution of stress in the neighbourhood of such a 
point of application is very complicated, much more so than that from the 
distributed loads we have been considering. This difficulty is general to all 
problems and so we will deal with it first. Fortunately, it can often be 
avoided by the use of a principle first stated by Barré de Saint-Venant, a 
French mathematician, in 1855. 


5-2 Saint-Venant’s principle 

If the distribution of forces acting on a sector of the surface of a body is changed 
so that the resultant force and couple remain the same, then there will be no 
change in the strain produced at a sufficient distance from the sector, provided 
that its area is small compared with the total surface area of the body. 

This means that, throughout the bulk of a body, the net effect of a force is 
independent of the method by which it is applied. It can therefore be 
replaced by a force having the same resultant magnitude, but applied in such 
a way that the stress distribution is easily determined. This will not alter the 
strain throughout most of the body, provided the area on which it is applied 
is small compared with the total area of the surface of the body. 

We can demonstrate this principle by a simple experiment (Fig. 5-1). A 
rectangular piece of rubber, marked with a grid of small squares, is suspended 
vertically, and a weight is attached. Any change in size and shape of the 
squares indicates the state of strain at different places in the sheet. Two 
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Fig. 5-1 Saint-Venant’s principle 


different methods are used to attach the weight to the sheet. In Fig. 5-1(a) 
it is distributed uniformly over the lower edge of the sheet by a rigid clamp; 
in Fig. 5-1(b) it is applied at a point near the lower edge. Comparing Figs. 
5-1(a) and 5-1(b), we see that throughout most of the sheet the strain is the 
same in both experiments. It only changes near the point of application of 
the load, thus confirming Saint-Venant’s principle in this particular case. 
In stating Saint-Venant’s principle, we use such terms as ‘sufficient dis- 
tance’ and ‘small’ area. We cannot specify these terms more precisely. The 
principle is an approximation which has never been proved for the general 
case; it has only been possible to prove it for a few specific examples. Its 
justification lies in the fact that its application leads to results that can be 
confirmed by experiment. Thus, as in all approximations, discretion must be 
used in deciding whether or not it is applicable to a particular problem. The 
examples in this chapter indicate the sort of situation in which it can be used 
and the restrictions caused by its use. 


5-3 Simple elongation 
5-3-1 Definition of the term 


Simple elongation is that deformation produced in a long prismatic rod by 
forces acting parallel to its axis, the resultant force acting at the centroid of the 
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cross section [Fig. 5-2(a)]. Fig. 5-2(b) shows an arrangement by which it 
may be demonstrated. To ensure that the forces act parallel to the axis, the 
rod must be mounted vertically, and to ensure that the resultant force acts 
at the centroid of the cross section, the centre of gravity of the weights must 
lie on the line of the axis. This is an extremely simple experiment to set up, 
and it provides a convenient method for the experimental study of the 
elastic properties of materials. 


Clamps —————_— 


~<——— Specimen 


Fig. 5-2 Simple elongation: (a) Type of deformation, (b) Experimental realization 
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5-3-2 State of stress 

Simple elongation is defined in terms of the shape of the specimen and the 
forces acting on it. The next step is to determine the stress components acting 
on the faces of the element 6A in Fig. 5-2(a). This element is shown enlarged 
in Fig. 5-3, where the rod is orientated so that its axis coincides with the z 
axis of a system of cylindrical coordinates. 


Zi 


Fig. 5-3 Stress components on element 
AF of rod in simple elongation 


Suppose the element were separated from the rest of the rod at all points 
except at the face P, forming a filament. Then the force AF,,, which must 
be applied to the face Q of this filament to maintain equilibrium, is the inter- 
nal force in the rod acting on this part of the face. If we assume for the 
moment that the internal forces AF,, and AF,, are zero, then AF,, is equal 
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to AF, which is that part of the total applied force that acts on the lower 
end of the filament. The direction of AF is under our control, so let us apply 
it parallel to the z axis. Then, if 


AW ae Voa Pie = 
AF,, = AF: 


If the element is now separated from the rest of the filament at P, then, for 
equilibrium, 
Ari. = AW 

Internal forces AF,, and AF,,, assumed above to be zero, could be gener- 
ated by contact forces applied to the side faces of the rod. However, we know 
from our definition of simple elongation that no such forces are applied. 
AF,, and AFo, could also arise from a non-uniform strain distribution through- 
out the rod. Suppose a neighbouring element were strained differently. 
Adjacent faces would try to change their dimensions differently, but since 
the material is continuous this would not be possible, and so internal forces 
such as AF,, would be generated. Thus, the condition for AF,,, AF,,, 
and AF,, to be zero is that the strain must be uniform in all elements. Hence 
the applied load must be distributed so that 4F,, produces the same axial 
stress in all elements. 

The axial stress will cause the transverse dimensions of the element to 
change and this can produce two effects. First, if the change is constrained 
by the clamp which attaches the load to the rod, the internal force AF,, 
acting on one end face of the element will be different from that on the other 
end face; and second, if the changed dimensions of the element require 
more or less space than that allocated by surrounding material, forces 
AF,,.and AF», will be generated. 

Thus, because of the first of these effects, the method of attaching the load 
to the rod must not constrain dimensional changes, otherwise the stress 
(and hence the strain) will be non-uniform. Because of the second effect, 
we need to ensure that the change in transverse dimensions of a free element 
under stress is the same as the change in the space allocated to it by surround- 
ing material. This is a necessary condition for AF,, = AF yg. = 0. 

Consider the annulus of radius r shown in Fig. 5-3. Let the axial stress 
cause a transverse strain of —e in an isolated filament lying in this annulus. 
Since this annulus is made up of a large number of such filaments, all identi- 
cal, this would cause its circumference to change to 27r(1 — «), and this, 
if it is not constrained, would in turn cause its radius to change to r(1 — e). 
Now consider the rod of radius r threading through the annulus. Since 
strain is uniform, the lateral strain in this rod would be —e and its radius 
would change to r(1 — ¢). Thus it will allow the annulus to assume the radius 
it requires without constraint, and so AF,,,and AF will be zero. 

So we can say that, provided (a) the force applied to any elemental filament 
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is parallel to the axis of this filament; (b) the applied force is distributed 
over the end face so as to produce the same axial stress in all filaments; 
and (c) the method of force application does not constrain the dimensional 
changes, then all internal forces except 4F,, are zero. Furthermore, since 
stress is uniform, the axial stress o,, is given by the total applied force divided 
by the total cross-sectional area. 

But this conclusion appears to be valid only if the force is applied by 
certain carefully specified methods. However, it follows from Saint-Venant’s 
principle that the strain (and hence the stress) is independent of the method 
of force application, except in the region near to where the forces are applied 
(that is, near the ends of the rod), provided that the area to which these 
forces are applied is small compared with the total surface area of the rod. 
This condition will be satisfied if the rod is long and thin. Furthermore, the 
deformation near the ends of such a rod will contribute negligibly to its total 
change in dimensions. Thus, for a long thin rod we can calculate the de- 
formation assuming uniform strain (and stress) throughout, whatever the 
method of force application. 

Since the only stress components are those parallel to the axis of the rod, 
and these are normal stresses, then this axis, the z axis in Fig. 5-3, is a principal 
axis of stress, and the principal stress along it is F/A, where A is the cross- 
sectional area. The other principal stresses are zero, and can be directed 
along any two mutually perpendicular axes x and y in the plane normal 
to the z axis. 


5-3-3 State of strain - 

If o = F/A, the principal stresses are o, = o, 6, = 6, = 0. The principal 

strains can be obtained by substituting these values in Eqns. (4-17): 

A 
& = my de (5-1a) 
(3A + 2) 
A 

ph 
2u(3A + 2) 
These are the principal strains in the element shown in Fig. 5-3. However, 


since the strain is uniform, «, is also the strain along the axis of the rod, and 
€, the strain in any transverse direction. 


& =& = — 


(5-1b) 


Ni 


5-3-4 Change in dimensions of the rod 


From Eqns. (5-1), the applied force will cause the length of the rod to increase 
and its transverse dimensions to decrease. If / is the original length of the 
rod, the strained length is (1 + e,). From Eqn. (5-1b), the strain is the same 
in all directions in a plane normal to the axis. Thus, if the cross section of the 
rod is a circle of radius r before deformation, it will be a circle of radius 
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r(1 + €,) afterwards. The change in cross sections of different shape can be 
calculated similarly. Since the cross-sectional area of the rod decreases on 
Straining, the value in the strained state should be used in calculating the 
stress. However, since strains are very small, negligible error is introduced 
by using the unstrained value. 


5-3-5 Young’s modulus and Poisson’s ratio 

From Eqn. (5-1a), the axial strain is given by the product of the axial stress 
and an expression containing A and uw. Since A and w are both constants, 
the strain is proportional to the stress. The elastic moduli defined in Section 
4-8 were ratios of stress to strain for particular types of deformation. We 
can now define a further elastic modulus as the ratio of axial stress to axial 
strain in simple elongation. This is Young’s modulus (E); it is not independ- 
ent of the other moduli but can be expressed in terms of them. Thus, from 
Egn. (5-la), E is given by 


pa UOA+ 2H) 
A+ 
Substituting for 2 in terms of k and yu from Eqn. (4-15) gives 


(5-2) 


For all materials the bulk modulus is found to be greater than the shear 
modulus and for most it is more than three times as great. Thus, 1/9k is small 
compared with 1/3, and so, from Eqn. (5-2), £ is determined primarily by the 
value of w and, very approximately, 


fee Su 


Hence, the deformation must be primarily deviatoric, although there is a 
small dilatational component. 

From Egn. (5-1b), the transverse strain is also proportional to the axial 
stress, and so we could define a further elastic constant as the ratio of these 
two quantities. However, the usual practice is to define this second constant 
as the ratio of the transverse contraction to the axial extension. This is not, 
therefore, a modulus, but a dimensionless ratio, called Poisson’s ratio and 
denoted by the symbol ». 

So we can write the above definition as 


1 oa Ey 
whence, substituting from Eqns. (5-1a) and (5-1b) 


atkcaa tie 
2(A + #) 
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Again, 2 can be expressed in terms of k and yw from Eqn. (4-15), giving 


my ae ata (5-3) 
6k + 2u 


By rearranging this equation we can see that the value of » must lie between 
certain limits. 
2 
= HL + ¥) (5-4) 
3(1 — 2») 


From the way in which they are defined, ~ and k must both be positive. 
Equation (5-4) can only be satisfied with positive values of w and k if » 
has a value lying between —1 and 4. Substituting » = 3 gives k/u = ©, 
or k > wu. Substituting » = —1 gives k/u = 0, or k K€ w. Thus Poisson’s 
ratio is a measure of the relative magnitude of k and w. For a material for 
which » is nearly 3 (e.g., natural rubber), since the bulk modulus must be 
very much greater than the shear modulus, the dilatational strain in simple 
elongation must be negligible compared with the deviatoric. For such a 
material we can assume that deformation takes place at constant volume. 

We have shown, then, that in simple elongation the axial strain is pro- 
portional both to the axial stress, and to the transverse contraction, and we 
have defined two new elastic constants from the constants of proportionality. 
Since simple elongation can quite easily be realized experimentally, these 
constants can be directly measured, and the other moduli calculated using 
Egns. (5-2) and (5-4). The conclusions that both axial and transverse strain 
are proportional to the axial stress were obtained using Eqns. (4-17), and 
are therefore subject to the limitations and involve the assumptions introduced 
in the derivation of these equations, enabling the validity of these assumptions. 
to be investigated experimentally. 


5-3-6 Elastic energy stored in simple elongation 


In simple elongation a force is applied to the end of arod. As the rod extends, 
the point of application of this force moves, and so the force does work 
on the rod. If the force is reduced the rod will contract, doing work on the 
force, so this energy must be stored in the deformed rod, and is known as the 
stored elastic energy. 

If, in the unstrained state, the cross-sectional area of the rod is A, the 
force applied to its end is oA (if strains are small). Let the stress be increased 
to o + do, the strain increasing by de. Then, if the unstrained length is /, 
the work done in this change is oA/ de. 

Thus, at strain e, the stored elastic energy is given by 


U = All ode 


0 
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This equation may be integrated by making the substitution o = cE, giving 


U = 4AlEe 


Since A/ is the volume of the rod, the stored elastic energy per unit volume, 
u, is given by 


u = $Eé (5-5a) 
or u = toe (5-5b) 
2 
o 
or == = 
u Sp (S-5c) 


5-3-7 Analysis of simple elongation into dilatational 
and deviatoric components 


Although we have now expressed the change in dimensions of a rod in simple 
elongation in terms of the force acting and the elastic moduli, it is instructive 
to analyse the deformation into dilatational and deviatoric components. 
This will give us an idea of the relative movement of particles of the material 
during deformation. 

Let the longitudinal principal strain be e, and the transverse principal 
strains (which are the same in both the x and y directions) be e,. The dilata- 
tional strain is given by 


A= 6-1 22. 
Substitution from Eqns. (5-1) gives 
o 
ia 5-6 
3A + 2 eo) 


A and yu are both positive, and so for an extensive stress the volume of the 
specimen increases. The separation between particles of material will, 
therefore, increase due to this strain component (Fig. 2-16). 

The principal strain of the dilatational component is 44, and so we can 
find the principal values of the deviatoric strain component by subtracting 
this from each of the total principal strains: 

Ena = Fyq = —3(Ez — &e) 
eza = 3(e, — Eq) 
Substitution from Eqns. (5-1) gives 
Eng = Eya = —9/6p 


This deviatoric strain and its analysis into two pure shears is shown in Fig. 
5-4, It will increase the length of the axis of the rod and decrease its radius, 
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the volume remaining constant. We have already seen that the radius of a 
rod decreases in simple elongation, so the decrease caused by the deviatoric 
component must be greater than the increase caused by the dilatational 
component of the strain. 

The relative displacement of particles of material of a body in pure shear 
is shown in Fig. 2-17. In this figure, the lines of particles which slide are at 
45° to the principal axes. From Fig. 5-4, the deviatoric component of simple 
elongation can be resolved into two equal pure shear strains, the direction 


Z; WE 
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a/3L | 
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| 
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| 

a/6u 
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ae 
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Deviatoric strain Pure shear Pure shear 


Fig. 5-4 Analysis of deviatoric component of simple elongation into pure shears 


of the positive principal strain of each shear coinciding with the axis of the 
rod. Displacement by the sliding of planes (Fig. 2-17) will occur for both of 
these shears, and the displacement of any particle will be given by the 
vector sum of both components. Thus, the deviatoric component of the 
deformation can be achieved by sliding planes of particles along lines lying 
in their planes and at 45° to the rod axis. 


5-3-8 Worked example 


If the bulk and shear moduli of rubber are 1-0 x 10" dyn/cm? and 1-0 x 
10’ dyn/cm?, respectively, calculate the value of Poisson’s ratio. Determine 
the dilatational strain as a fraction of the longitudinal strain in simple 
elongation and deduce an approximation that can be made in calculations 
of the extension of rubber. ; 
Rubber can easily be stretched to strains greater than those to which small 
strain elasticity theory can be applied. Use the approximation just deduced 
to determine the strain at which a value of Poisson’s ratio, determined by 


measuring the longitudinal and lateral strain, would begin to differ from that 
calculated above. 
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From Eqn. (5-3), Poisson’s ratio is given by 


_ 3k — 2 
6k + 2u 


y 


Substituting the values given for k and w gives 


» — 30,000 — 2:0 
60,000 + 2:0 
From the accuracy with which the moduli are given, the 2-0 can be neglected, 
and 
y = 0:50 
If o is the longitudinal stress, then, by Eqn. (5-6), the dilatational strain is 
given by 
oY asa 
34+ 2p 


The longitudinal strain, ¢, is given by Eqn. (5-1a) and is 


peel) 


MGA + 2u) 
Therefore, 


Since, by Eqn. (4-15), 2 = k — 3u, then 


Substituting the values given for k and yu gives 


a= 100 
E 


Hence, the dilatational strain is negligible compared with the longitudinal 


strain and can be neglected in simple elongation. That is, extension takes 
place at approximately constant volume. 

Using this approximation we can determine the lateral strain for any 
value of the longitudinal strain. Consider a rod of length / and radius r. 
Let the longitudinal strain be e, and the lateral ¢,. Then, since extension 
takes place at constant volume, 


ar?] = mr2(1 + e@,)?/(1 + €,) 
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Expanding this equation by the binomial theorem gives 
&, = —€,/2 + 3627/8 +°°° 
Therefore, since y= —€,/e, 
y = 1/2 — 3¢,/8 
The value at which y will begin to diverge from 4 depends on the accuracy of 
measurement. If, for example, a difference of 0-005 in » can be detected, 


then 3¢,/8 > 0-005 for » to differ significantly from 4. That is, » will begin 
to differ from 0-5 when «, > 0-013 (i.e., 1:3 %). 


5-4 Twisting of shafts 


5-4-1 Definition of term 
Twisting is the term used to describe the deformation which occurs whenever 
a couple acts in the plane of the cross section of a shaft. This happens in 


Rigid clamps 


Pulleys 
Cord 


Weights 


Fig. 5-5 Experimental method of applying torque to rod 
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(b) 


Fig. 5-6 Stress components on element 
of twisted rod: faces of element perpen- 
dicular to axis 


any rod, such as an axle or propeller shaft, which is used to transmit torque. 
It can be demonstrated by the apparatus shown in Fig. 5-5. The torque is 
applied so that the couple in the plane of the cross section is the only force 
acting. The weight of the lower clamp must not cause an axial tension in the 
rod, neither do the weights produce a couple in the vertical plane. We shall 
consider a rod of circular cross section, since this is the only case which can be 


solved simply. 


5-4-2 State of stress 

The rod and the applied couple are shown schematically in Fig. 5-6(a). To 
determine the state of stress, we have to find the internal forces acting on the 
faces of a typical element of the rod. Suppose the rod is cut through at the 
cross section AA’; the lower part of the rod would spin under the action of 
the externally applied couple 7. To prevent this spin occurring before the 
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rod is cut, the plane A’ must exert an internal couple on the plane A, equal 
and opposite to T. Similarly, the plane B must exert a couple equal and 
opposite to T on B’, and, since action and reaction are equal and opposite, 
there must be an internal couple equal to T, and in the same direction, acting 
on the face B. A couple of moment T, therefore, acts on the plane faces of 
the section AB, and since the torque T is the only external force acting, the 
resultant of all other internal forces acting on the faces of this section must be 
zero. However, as it is not sufficient to consider the resultant forces, we 
must determine the forces acting on the faces of a small element cut from such 
a section. Figure 5-6(b) shows how it is formed, and Fig. 5-7 shows all 
possible internal forces acting on its faces. The coordinate system used is 
the same as in Fig. 5-3. 

To determine whether or not a particular force component is zero, we use 
a similar procedure to that used for simple elongation. 

If we imagine the element in Fig. 5-7 to be extended to the lower face of the 
rod, thus forming a filament, we can see that the force F,, must be non-zero 
(to maintain equilibrium with the applied force). Then, by considering the 
equilibrium of the element on its own, we see that F,, must also be non-zero. 
In order to determine whether or not the other force components are zero, 
we must specify certain conditions about the way the external force is applied 
to the rod. If these conditions are satisfied, it can be shown that all other 
force components are zero, although the detailed argument will not be 
given here. 

We now introduce Saint-Venant’s principle, from which it follows that, 
provided the rod is long and thin, this conclusion is independent of the method 
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of load application, except for small regions near the ends of the rod. Since 
these contribute negligibly to the total change in dimensions, they can be 
ignored. 

Thus, the only non-zero forces acting on the faces of the element are 
those shown in Fig. 5-8; these clearly constitute a shearing system. The 
forces F,, arise as a direct consequence of the application of the external 
torque. External forces do not, however, directly cause Fy,. The forces F,, 
constitute a couple which tends to make the element rotate. This rotation 
deforms surrounding material, thus developing F,,. From Section 3-15, 
the element is therefore in simple shear. 

For the moment, we can only determine the type of stress acting on the 
element, not its magnitude. This is because the stress is non-uniformly 
distributed over the cross section. However, we can leave it as an unknown 
and express the deformation of an element in terms of it. Integration over 
the cross section will relate the total torque, which we do know, to the net 
effect of the deformation of all elements, which we want to find. 


5-4-3 State of strain 
Since the stress is a simple shear, the strain must also be a simple shear 
(Section 4-9). The element will therefore deform as in Figs. 5-9 and 5-10. 
Furthermore, if o is the shear stress and y the shear strain, then 

Oo ky 


where yu is the shear modulus of elasticity. However, since o is not known, 
we cannot evaluate the strain at this stage. 


i 
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5-4-4 Deformation of the rod 

We determine the deformation of the rod from the total effect of the strain 
in all the elements similar to that in Fig. 5-9. Before doing this in detail, we 
can state the following general conclusions about the change in dimensions 
of the rod. 


Length of rod From Section 2-16 we see that in simple shear strain the 
perpendicular distance between planes such as A and B in Fig. 5-6(b) remains 
unaltered. It therefore follows that the length of the rod is unchanged 
during the deformation. 


Radius of the rod The volume of a body in simple shear is unchanged by 
the deformation. Hence, since the length of the rod is unaltered, its radius 
cannot change. 


Fig. 5-10 Deformation of element of twisted rod 


If all elements in the section shown in Fig. 5-6(b) deform as shown in 
Fig. 5-10, then one face of this element will rotate about the axis relative to 
the other. It is this relative rotation which must be calculated in terms of the 
applied torque, the shear modulus, and the dimensions of the rod. To do 
this we need the following additional information about the deformation. 

(i) Planes perpendicular to the cross section of the rod before deformation 

will be plane and perpendicular afterwards. This is because the distance 
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between planes such as A and B in Fig. 5-6(b) is constant in simple shear, 
whatever the magnitude of the strain. Thus, even if different elements in 
this section shear by different amounts their perpendicular heights will 
all be the same. 
(ii) Straight radial lines drawn in the section AB before deformation will 
be straight after deformation. The lines would only curve as a result of 
shear in the plane of the cross section of the rod. To produce this, forces 
F,9 in Fig. 5-7 would have to act, but we have already stated that these 
are Zero. 
(iii) The axis of the rod is straight after deformation. If the axis were 
curved, then the edges of the element would be curved. Simple shear does 
not produce this curvature. 
We can now analyse Fig. 5-10, which shows the section AB before and after 
deformation. In this figure, the lower face of the element is shown occupying 
the same position in space before and after deformation. Actually, from Fig. 
5-6(a), only the upper surface of the element in contact with the clamp would 
have this property; any other element would be moved as a rigid body round 
the annulus. We have, in fact, superimposed a rigid body rotation in Fig. 
5-10, but this will not affect our analysis, since we are only interested in the 
relative rotation between faces. From Fig. 5-10, 


ré6¢d=yl 
and, since o= py 
od 
o = pr— 5-7 
Leas (5-7) 


o is the stress acting on the upper surface of the element and so the force 
on this surface is o ér 6y, and the couple acting about the centre of the rod 
due to this force is or dr dy. Therefore, from Eqn. (5-7), the couple about the 
axis of the rod due to the force on the element is 


ie °¢ or Oy 


If we integrate this expression over the whole surface of the cross section, 
it will be equal to the applied torque. First, however, we must integrate 
round the annulus of which the element is a part. Since cylindrical symmetry 
exists, the only variable at this stage is dy; the integral of this round the an- 
nulus is 27r. Thus, the couple about the axis of the rod due to the force on 


the annulus is 


Qmpr* of br 


We can now integrate this expression between r = 0 and r = a to obtain the 
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couple about the axis of the rod due to the force on the entire cross section, 
and this is equal to the applied torque 7. Thus 


fy} male dr (5-8) 
bl Jo 
From conditions (i) and (ii) above, 6¢ and 6/ are both independent of r. 
4 
mua od 
; De 5-9 
Thus, Seon (5-9) 


Since longitudinal symmetry exists, @ and / are the only variables along the 
length of the rod, so we can integrate this expression to give the relative 
rotation of the ends of a rod of length / as 


p= it (5-10a) 
La 
which can also be written as 
4 
aba (5-10b) 
d 21 


The quantity 7/¢, which is the torque required to produce unit twist in the 
rod, is known as the torsional rigidity of the rod. It is a quantity which is 
easily determined experimentally, and which, for rods of circular cross 
section, can be used with Eqn. (5-10) to determine the shear modulus. 

If, instead of a solid rod, a tube of outside and inside radii a, and a,, 
respectively, is subjected to a torque T, the torsional rigidity can be found by 
integrating Eqn. (5-8) between a, and ay, giving 

4 4 
eG mua, — ay) (5-11) 
dp 21 


5-4-5 Distribution of stress and strain 


We have already stated that cylindrical symmetry exists, so that at all points 
on the annulus (Fig. 5-10) the stress must be the same. Since longitudinal 
symmetry also exists, the stress is the same at whatever point along the axis 
the annulus is situated. But we have not yet determined the magnitude of 
this stress. \ 

We do this by eliminating 54/6/ between Eqns. (5-7) and (5-9): 


eee (5-12) 


ma* 


Thus the stress is not uniform but will increase from zero at the centre of the 
rod to a maximum value of 27/7a® at the circumference. 
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We determine the strain by substituting wy for o in Eqn. (5-12), giving the 
angle of shear as 


= DEAR? 


Ta 


5-4-6 Elastic energy stored in twisting 

If an increase of dT in the applied torque causes the relative rotation of the 
ends of the rod to increase by dd, then the work done on the rod in twisting 
it through an angle ¢ is 


¢ 

I T dd 

0 
Thus, from Egn. (5-10a), the stored elastic energy is 
472 

pe (5-13a) 

Al 

2 
fo (5-13b) 

TULA 


5-4-7 Worked examples 
1. A tubular shaft of fixed length is to be designed so that, when it is subjected 
to a torque T, the maximum angle of shear in the material is y. Show that, 
whatever value is chosen for the outer radius of this shaft, a reduction in 
mass can be achieved, without increasing y, by further increasing this radius. 
If practical considerations limited the radius which could be used, but it 
was important to keep mass to a minimum, what combination of physical 
properties would determine your choice of material? 
From Egn. (5-11), 


TUL, 4 4 
T=—(a,—a 
ape ) 


From Section 5-4-5, the angle of shear has its maximum value y at the outer 
radius, and from Fig. 5-10 this is given by 


y = $4,/! (5-14) 
If the mass of the shaft is M and the density of the material p, then 
M = x(a3 — ajlp (5-15) 
Substituting from Eqns. (5-14) and (5-15) in (5-11) gives 
Tl Mp (24: a =A 


130 ANALYSIS OF SPECIAL TYPES OF DEFORMATION 


This equation expresses the relationship between M and a,. Under the 
conditions stated in the problem, all other terms are constants. The equation 
may be simplified by replacing groups of constants according to the equations 


K, = T/mpy 
K, =.7lp 
2 
ivi K,K, = 2Ma, — 5-16) 
giving 1442 2 oy ( 
which, solved for M, gives 
K 1/2 
Me 2K - ( 2 =I | (5-17) 
Ds 4 


We have to determine now whether the positive or negative root is correct. 
Assume, first of all, that the positive root is the correct one, so that 
Eqn. (5-17) becomes 


1/2 
M = 2K,ail1 + ( =| | 


2a3 
Since the term in the square brackets must be greater than unity, it follows 
that 


M > 2K,a}3 
or, since K, = alp 
M > 2zpla} 
if the positive root is correct. However, from Eqn. (5-15), 
M = mpl(a3 — ai) 
which means that M < zpla? 


Therefore the positive root leads to an incorrect statement, and we must 


take the negative one: ; 
K 1/2 
M= 2Kai| 1 — (1 — = | 
2a3 


Since (1 — K,/2a3)'/2 must be real, K,/2a3 < 1, and a binomial expansion 
can be used to simplify this equation, giving 


M= KK, + aS + further positive terms with a, in the denominator | 
2a, 16a} 
Therefore, whatever the value of ay, an increase in its magnitude will reduce 
the value of the terms in the square bracket, and hence will cause M to 
decrease. 
Now M = K,K,/2a, + smaller terms 
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In the second part of the problem, choice of material is allowed, i.e., w and 
p, and hence K, and K,, may vary, but the outside radius of the rod, ag, is 
fixed. Thus the shaft with the smallest mass will be that made from the 
material which has the smallest value of K,K,. Now 


KK, = TIp/uy 


and in this expression only p and w depend upon the material, / being fixed. 
Hence, the material having the smallest value of p/w should be chosen. 


2. A rod with a cylindrical cross section of radius a is subjected to a torque 
T. Calculate the stored elastic energy per unit volume at a point in the rod 
situated at a distance r from the axis. 


Consider the small block of material shown in Fig. 5-11 subjected to a 


Fig. 5-11 Worked example 5-4-7(2) 


shearing stress o. The force applied to the element is o dx dy, and the dis- 
tance moved by its point of application is y dz. Thus, the work done by the 
force is 


tf 
dx dy do o dy 
0 


Thus, the work done per unit volume is o?/2u. The material in the rod will 
be subjected to this state of stress, and, from Eqn. (5-12), the stored elastic 
energy per unit volume is given by 
Beier 
una® 


5-5 Bending of beams 


5-5-1 Definition of the term 

In the two previous cases, we have defined the shape of a body and the forces 
acting on it and, from this information, calculated the deformation. We now 
adopt the converse procedure. We define the deformation and calculate 
the loads necessary to produce this deformation. 
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Fig. 5-12 Deformation in a bent beam 


The body is again in the shape of a long prismatic rod, but in this case the 
cross section need not necessarily be circular. The only restriction on its 
shape is that it is symmetrical about the line MN in Fig. 5-12. The plane 
PQMN, containing this line and the axis of the rod, is called the plane of 
symmetry. 

Before deformation, the axis of the rod is straight; after deformation it is 
bent so that it still lies in the plane of symmetry and short elements can be 
considered as arcs of circles. Planes such as S and T, which are normal to 
the axis before deformation, remain plane and normal to the axis afterwards. 
Lines of particles such as AB, which are parallel to the axis before deforma- 
tion, remain parallel afterwards. Cross sections of the rod ee sym- 
metrical about the plane of symmetry after deformation. 


5-5-2 State of strain 


Consider the element of material shown in Fig. 5-12. The faces ABCD and 
EFGH are rectangular before deformation and parallel to the plane of 
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symmetry. The faces CEFB and DHGA are also rectangular and are parts 
of the planes S and T normal to the rod axis. We use the system of coordin- 
ates shown in the diagram, in which the z axis lies in the plane of symmetry, 
and the x axis is parallel to the rod axis. 

Since the planes CEFB and DHGA are normal to the rod axis, and this is 
initially straight, the unstrained lengths of the lines AB and CD are equal. 
After deformation the element of axis is bent into the arc of a circle. The 
planes CEFB and DHGA, however, remain planar and normal to the axis, 
so that lines of particles such as DC and AB become arcs of concentric 
circles and must change in length by different amounts. The strain ¢,.,, 
therefore, varies over the cross section and might be a function of z or y. 
However, if planes normal to the axis before deformation are plane and 
normal after, and PQMN is a plane of symmetry of the deformed rod, it 
follows that ¢,,., is independent of y, and so it is a function only of z. 

Since the plane CEFB remains normal to the rod axis on deformation and 
lines such as AB remain parallel to the axis, ¢,, and ¢,, must be zero. Since 
the rectangle CEFB can change its size and shape without affecting the 
specification of the deformation given in Section 5-5-1, there is no restriction 
on the values which can be taken by ¢,,, ¢,,, and ¢,,. For the time being, 
therefore, we will not specify the values of these strain components. 

From the above, the important parameters defining the deformation are 
€,, and its variation with z, which we will now determine. 

If the axes of symmetry of the planes S and T are produced, they will 
intersect at O, the centre of curvature of the element. Clearly, the deformed 
length of AB might be greater or less than the undeformed length, depending 
upon its coordinate, and there will be one position where these lengths are 
equal. In other words, a surface exists in which any line drawn parallel to the 
axis is unchanged in length on deformation. This surface is shown shaded in 
Fig. 5-12 and is known as the neutral surface. The line formed by the inter- 
section of the neutral surface with the plane of symmetry is called the neutral 
axis, and this is chosen as the x axis. 

Since O must be the centre of curvature of the element 6x of the neutral 
axis, then Ris its radius of curvature. Also, 6x must be the unstrained length 
of AB, so the extensional strain of AB is given by 


_(R+2)¢ — 6x 
LL dx 
Now 6x = Rd 
and therefore on = 2/ RK (5-18) 


The extensional strain in the element shown in Fig. 5-12 is therefore 
related to the radius of curvature of the beam axis by Eqn. (5-18). Of 
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the other strain components, ¢,, and ¢,, must be zero, and ¢,,, €,,, and €,, 
cannot be determined from the specification of the deformation. 

Now if the element were in simple elongation, ¢,,, €,,, and ¢,, would all 
be zero, and ¢,, and ¢,, would be determined by €,,, and Poisson’s ratio of the 
material. This state of strain would therefore satisfy the above condition, 
and we shall consider it further. 

Elements above the neutral axis, such as that shown in Fig. 5-12, will 
increase in length, and therefore decrease in cross section, if they are in 
simple elongation. Similarly, elements below the neutral axis will decrease 
in length and increase in cross section. Therefore, the lateral dimension of 
the beam will increase below the neutral surface, and decrease above it 
(Fig. 5-13). To accommodate this dimensional change, the beam must bend 


Lateral dimension decreases 


—— 3 - —-Neutral surface 


Lateral dimension increases 


Fig. 5-13 Shape of initially rectangular cross section of bent beam 


in a plane perpendicular to the plane of symmetry, the direction of this 
bending being opposite to that occurring in the plane of symmetry. This 
effect is known as anticlastic bending and is illustrated in Fig. 5-14. However, 
its effect is negligible in long thin beams such as those we are considering, 
and we will ignore it. . 

The transverse strains will have another effect. The quantity z in Eqn. 
(5-18) is the perpendicular distance of the element from the neutral surface in 
the strained state. Since ¢,, is not zero, this is different from the distance 
in the unstrained state. However, since strain is small, the difference will be 
negligible, and will be ignored. 


5-5-3 State of stress 


Since the element is in simple elongation the only stress acting will be the 
normal stress o,,.. From Eqn. (5-18) 


Ong = L2/R (5-19) 


5-5-4 Forces acting on the beam 


Figure 5-15 is a section of Fig. 5-12, the plane of symmetry being the nite 
of the paper. If the cross-sectional area of the element is 6A, the internal 
force acting on the face AC is o,, 5A directed outwards. A filament of mate- 
rial can be formed by producing the edges of the element, such as AB, to one 
end of the bar. For the filament to be in equilibrium an external force of 
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Lateral dimension 
decreases 


Neutral surface 


Lateral dimension 
increases 


Applied bending 


Fig. 5-14 Anticlastic bending 


0, 0A must be applied to this end, and be directed outwards. Had the 
filament been below the neutral axis, the extensional strain would have been 
negative and so the internal force, and hence the externally applied force, 
would have to be directed inwards. We can find the distribution of applied 
force over the ends of the bar by considering a number of such filaments. 
From Egn. (5-19), the force applied to the ends of these filaments must be 
proportional to their distance from the neutral axis. Hence, the distribution 
of force required to produce bending as defined in Section 5-5-1 is as illus- 
trated on the left-hand end of the bar in Fig. 5-15. 

From Saint-Venant’s principle, provided the rod is long and thin, any 
applied force which has the same resultant as this distribution will produce 
the same deformation. From Fig. 5-15, the resultant comprises a couple in 
the plane of symmetry. There might also be an axial resultant force depending 
upon whether or not the forces above the neutral axis are equal to those below. 
If such an axial resultant exists, it will affect the length of the bar and not 
its bending. It is the couple which produces the bending and this couple is 
called the bending moment. We go on now to determine the bending moment 
in terms of the radius of curvature, the geometry of cross section, and 
Young’s modulus. 

Since the extensional strain in an element depends only on its distance 
from the neutral surface, all elements in the shaded area of Fig. 5-15 will have 


Fig. 5-15 Force distribution to produce bending 
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the same strain. Hence, from Eqn. (5-19), the external force applied to this 
shaded area will be 
bEz dz 
R 


and its moment about the neutral axis will bet 


bEz* dz 
R > 
Therefore, the total axial force applied to the end of the bar will be given by 


F= al ‘bz dz (5-20) 

R J-a 

and the bending moment will be given by 
eee (5-21) 


The quantities F and M can be determined from the load applied. If we know 
this, together with the shape of the beam and the Young’s modulus of the 
material, there are only two unknowns in these equations—the position of the 
neutral axis and the radius of curvature—which can therefore be determined. 
The only case we will consider in detail will be that in which the axial force 
Fis zero. This is called pure bending. 

From Eqn. (5-20), if F = 0, since E/R cannot be zero, the integral must be 
zero. But the equation 

{ bz dz =0 


—a1 


expresses the condition that the line z = 0 contains the centroid of the area 
of cross section. Now the neutral surface has been taken as the plane for 
which z = 0, and therefore, in pure bending, the neutral surface contains 
the line of centroids of the cross section, which is, of course, the axis of the 
beam. Since this axis must lie in the plane of symmetry, and since 
the neutral axis is formed by the intersection of the neutral surface with the 
plane of symmetry, it follows that, in pure bending, the neutral axis coincides 
with the beam axis. It can thus be easily located. 

The integral in Eqn. (5-21) is the second moment of area, I, of the cross 
section about the line z = 0. This line is normal to the plane of symmetry, 
and, in the case of pure bending, passes through the beam axis. We can, 
therefore, calculate J from the geometry of the cross section, and substitution 

} The quantity bz° dz is the area of the shaded element multiplied by z*. The integral 


of this quantity over the entire cross section is known as the second moment of area of the 
cross section about the line chosen as the y axis. 
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in Eqn. (5-21) gives 
M = EI/R (5-22) 


Thus, if a couple of magnitude M acts in the plane of symmetry of a beam, 
that beam will be bent into an arc of a circle and the radius of curvature of 
the neutral axis will be given by Eqn. (5-22). 


5-6 Deformation of loaded beams 


5-6-1 Internal forces in loaded beams 
In Section 5-5 we determined the type of force distribution which must be 
applied to a beam to produce bending, and we related this to the radius of 
curvature of the bent beam, the beam geometry, and the Young’s modulus 
of the material. However, in many practical situations the method of loading 
the beam not only leads to a bending moment but also applies other deform- 
ing forces. Furthermore, neither these, nor the bending moment, are 
necessarily uniform along the beam. 

There are many different ways in which loads can be applied to a beam so 


Ry 


w/unit length 


P 
(b) 


Fig. 5-16 Internal forces in loaded beam 


as to produce this kind of deformation. Each of these presents its own prob- 
lems and so we cannot make a general analysis. We shall consider only two 
typical examples. The method we use to determine the deformation in these 
examples will enable us to solve a wide range of problems. 

We consider first the case shown in Fig. 5-16(a). The beam is held on 
supports at its ends and a force P is applied at the centre. In addition, the 
material of the beam has a weight which is distributed along its length, 
exerting a force w per unit length. We can determine the internal forces 
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acting across the plane at S,S, by imagining the beam to be cut through at 
this plane and finding the forces which must be applied to the cut face to 
maintain equilibrium in the left-hand part of the beam. From Fig. 5-16(b), 
we can see that a couple M (a bending moment) and a vertical force F (a 
shear force) must be applied to maintain equilibrium. These are the internal 
forces. 

We use the following sign convention for the directions of forces and 
couples in bending. The bending moment is positive if it tends to stretch the 
upper part of the beam and compress the lower. Shear forces are positive if 
they tend to rotate the section in an anticlockwise direction. Thus both the 
shear force and the bending moment have been drawn in the positive direction 
in Fig. 5-16(b). 

For the section to be in equilibrium 

F= P+ wx — Ry 
l wx" 


M = P(x— 2) +™ — Rex 
2 Ps 


From the symmetry of Fig. 5-16(a), the reactions at both supports must be 
equal, and so for the complete beam to be in equilibrium 


2 Pky! 
pet in!) 


Ro 

Substituting this in the above equations gives 
oe w(x = ) (5-23a) 

2 2 


Vienet 7) lance (5-23b) 


If the section S,S, had been taken to the left of P, we would have obtained 


the equations 
af is »(; z= x) | (5:23¢) 


M=— 5 [P + w(l — x)] (5-23d) 


os 
II 


nv | 


The graphs of Fig. 5-17, showing the variation of F and M with the 
distance x along the bar, have been plotted from these four equations. 

The distribution of shear force and bending moment can usually be found 
by methods similar to that used above, but there are two points to be noted. 

First, different expressions apply to the portions of the beam on either side 
of the concentrated load P. In general, a change in the expressions for F 
and M occurs wherever the force applied to a beam changes discontinuously, 
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Shear force 
F 


—(P+wl)/2 


Bending 
moment 
M 


Fig. 5-17 Distribution of shear force and bending moment in loaded beam of Fig. 5-16 


as at a point of application of a concentrated load, or at a support. Different 
expressions must therefore be derived for each section of the beam between 
such points. If the load is very complicated, this can be inconvenient, and 
so methods, which are beyond the scope of this book, have been developed 
to avoid the difficulty. These methods are described in engineering texts on 
the theory of structures. 

The second point is that it is not always possible to determine the magni- 
tudes of all the reactions from the static equilibrium of the entire beam, 
as we did above. Such problems are called statically indeterminate and our 
second example, shown in Fig. 5-18(a), illustrates this type of problem. 

The beam is clamped in a horizontal position at the left-hand end, and 
passes over a support A which is at the same height as the clamp. The beam 
has a weight per unit length w, and a force P is applied to the right-hand end. 
The clamp will hold the beam in a horizontal position at the point where it 
emerges, even though the other applied forces are tending to bend it. Thus, 
the clamp must exert a couple M, on the beam. It also exerts a reaction 
force R, supporting part of the weight of the beam. To simplify the algebraic 
expressions we shall derive, let us assume that /, = 3/ and wi = P/10. 


Then, for equilibrium, 


Wa lg = | (5-24b) 
20 3 
These two equations contain three unknown support reactions, Ai, Ko, 


and M). 
We can determine the internal forces by imagining the beam cut through 
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R, w/unit length R, 


My 
(a) 
(b) 
Shear force I, = 21/3 
a wi = P/10 
(c) 
Bending 
moment 
M 


Fig. 5-18 


at S,S, and finding the force and couple which must be applied to the cut 
face to keep the left-hand section in equilibrium. From Fig. 5-18(b), if 
SS, lies to the right of A, 


_ P(x? — 22x] + 211°) 
a 201 
+ P(x — 111) 
10]. 

where R,, R,, and M, have been eliminated using Eqns. (5-24). Similarly, 
if S,S, lies to the left of A, 

‘ves P(x? — 22x1 + 211°) ie R,(3x — 21) 

201 3 
r= P(x — 111) 

10] 


but we cannot eliminate R, at this stage.. We need first to determine the 
deformation of the beam, when the condition that its displacement and slope 
at A must be continuous will allow R, to be calculated. Graphs showing the 
variation of F and M along the beam are shown in Fig. 5-18(c). 


M (5-25a) 


F (5-25b) 
(5-25c) 


eRe * (5-25d) 
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5-6-2 Deformation of loaded beam due to bending moment 


We see that, in the examples considered above, part of the internal forces 
acting on the faces of a small element of the beam at S,S, constitutes a couple. 
This couple will bend the neutral axis of the element into the arc of a circle 
of a radius given by Eqn. (5-22). Since M varies from point to point along 
the beam, the radius of curvature will also vary, and will be given, for the 
part of the beam to the right of P in Fig. 5-16(a), by the equation 


bie elas) 
R 


However, it is not very helpful to describe the deformation in terms of the 
radius of curvature of the neutral axis. It is better to express it in terms of the 
deflection of this axis from the position it occupies in the undeformed state. 

In Fig. 5-19, the x axis represents the neutral axis in the undeformed state, 
and the line OA represents the same axis in the deformed state. The y axis is 
taken as positive vertically downwards. Thus, if the element MN occupies 
the position M’N’ in the deformed state, we have to derive an equation 
relating R and y. 

If the tangents at M’ and N’ make angles y and p + dy, respectively, 
with the x axis, then the angle M’CN’ is dy. Thus 


1 dy 
eet 5-26) 
Rees ( 
and ah (5-27) 
dx 


Fig. 5-19 
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Differentiating Eqn. (5-27) with respect to s, and substituting from Eqn. 
(5-26), gives 


dx? ds 
Since at = cos y 
ds 
I 3 d*y 
— = COS ci 
Laree 


Since strains must be small, it follows that y must be small. Thus, cos y, 
and hence cos? wy, will be very nearly equal to unity. Hence, 
oy 


- 
Rome 
and substituting in Eqn. (5-22) gives 
d*y 
El — = 5-28) 
dx? 

We can now evaluate the deformation of the beams in the examples we 
have been considering, starting with the example shown in Fig. 5-16(a). 
Taking the portion to the left of P in this figure, and substituting from Eqn. 
(5-28) in (5-23d) gives 


2 
DELS) NP Bowl ye ee 
dx* 
and therefore, by integration, 
dy x wx? 
2EI—* = —~(P+wh+—+4K 
dx 2 | hope : 


where Kj is a constant of integration. Since the beam is symmetrical about P, 
the slope must be zero at this point, and so we can determine K, by sub- 
stituting x = 3/ and dy/dx = 0 in the above equation, giving 


Substituting above, and integrating again, gives 


3 4 
Py SAU MN a et 


Bp wl 
2an2: 3 


yes 


The beam is supported at x = 0 and at this point y = 0, so K, = 0. Thus, 
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the deflection of the neutral axis of the beam from its undeformed position, 
due to bending, is given by 


3 
y= raed a <(p qq Als i = (5-29a) 
i x< 41. . 


We can determine the deflection for x > u by a similar procedure, using 
Eqn. (5-23b), except that in this case we eliminate constants of integration 
using the conditions that at x = 4/, dy/dx = 0, and at x = /, y = 0 (since 
the beam is supported at this point). Then 


1 [wx Le lee 
= 2 + Ee — wh - Pr —- == | 5-29b 
‘ rakes fa sre) a 
link Psa, 
As would be expected, both of these expressions lead to the same value for 
y at the centre of the beam. Substituting x = 4/ in either gives yo, the central 


deflection, as 
iP Swl 
= 2P + — 5-29c 
is al 4 Cee 


The quantity J can be determined from the geometry of the cross section 
of the beam, using Eqn. (5-21). Suppose, for example, that the cross section 


14 


Neutral surface 


Fig. 5-20 Derivation of second moment of area for rectangular cross section 
was rectangular, of thickness a and breadth 5, as shown in Fig. 5-20. Then, 


from Eqn. (5-21), 
a/2 
T= [ edz 
—a/2 


which reduces to J = ba*/12. 

Note that this example would have been simplified by taking x = 0 at the 
point where the force P is applied. The system would then have been sym- 
metrical about the y axis and it would only have been necessary to determine 
the deflection of one half of the beam. The method used was chosen to 
emphasize, in a fairly simple problem, the important point that it is generally 
necessary to obtain a separate solution for each portion of the beam between 
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points where the loading changes discontinuously. The separate solutions 
are then linked together using the fact that, at the discontinuities in loading, 
the slope and displacement of the beam are continuous. 

Consider now the example shown in Fig. 5-18, in which one of the reaction 
forces is unknown. We will need to know the slope and deflection of the 
beam at certain points in order to eliminate constants of integration. Since 
we know that at the clamp (x = 0) both the slope and deflection of the beam 
are zero, we will first find the deflection of the portion to the left of A. 

From Eqns. (5-25c) and (5-28) 


2 ie 2 me 
he es Ibs 22xl + 211°) i R,(3x — 21) 


dx? 201 3 


We integrate this equation twice (from the boundary conditions given above 
the constants of integration are zero) giving 


P(xt — 44x71 + 1267'x*) | Ry(x* — 212°) 


RIV 
4 201 3 


(5-30a) 


We can determine R, using the fact that the beam is supported at x = i, 
and hence at this point y = 0. Making this substitution and solving for Ro, 
remembering /, = 3/, gives 


R, = 437P/240 (5-30b) 
Substituting in Eqn. (5-30a) for R;: 
1440EIyl = Px*(6x* + 173x/ — 118/*) (5-31la) 


We find the deflection of the right-hand portion of the beam by substituting 
the value of M from Eqn. (5-28) into (5-25a) and integrating twice. To find 
the constants of integration we use the fact that, at x = /,, the slope and 
deflection are the same as for the left-hand portion. Thus, at x = /, the 
deflection is zero and we find the slope by differentiating Eqn. (5-31a). 


So we derive the equation relating deflection to position along the beam for 
the right-hand portion: 


19, 440EIyl = P(3x — 21)(27x* — 1,170x?/ + 3,022/2x — 874/%) (5-31b) 

At the end of the beam x = /, and hence the depression of the end, yo, 
is given by 

Yo = 121 PI3/3,888ET % -(6-3ic) 


5-6-3 Deformation of loaded beam due to shear 


We saw in Section 5-6-1 that the method of loading produces a shear force 
as well as a bending moment. In order to determine the beam deformation 
due to this shear force, we need to know its distribution over the plane on 
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which it acts. However, in this section we show that, provided certain con- 
ditions are met, the deformation due to shear is negligible compared with 
that due to bending. For this, it is sufficient to assume that the shear force is 
distributed uniformly over the cross section. If the deformation was not 
negligible, more precise calculations would be necessary. 

Figure 5-21 shows a small element of length dx cut from the beam. If A 
is its area of cross section, the shear stress is F/A. The angle of shear is y, 


i 
—— ~J 


Fig. 5-21 Deformation of element of beam due to shear 


and so if dy is the depression of one end of the element relative to the other 
due to shear, then 


and Au— = —F (5-32) 


(from the sign convention defined in Section 5-6-1). 
Considering, first of all, the portion of the beam to the right of P in Fig. 
5-16, from Eqns. (5-23a) and (5-32), 


yer, l 
~Ap— =— + wix —— 
i x ye ( 5) 


Integrating this equation and eliminating the constant of integration from 
the boundary condition that at x = /, y = 0, gives 


Any, = (P + ral — x) 


where y, is the deflection due to shear. Thus yo,, the deflection due to shear 
at the centre of the beam, is given by 
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If we compare this with the deflection due to bending, given in Eqn. (5-29c), 


Yoo _ 48EI (4P + wl) 
yy PAP (8P + S5wl) 


and if the cross section of the beam is rectangular, as illustrated in Fig. 5-20, 
then 


ae ae + De 
yo Leu(8P + Syl) IP 


Now the magnitude of the quantity in square brackets is a maximum when 
wil can be neglected in comparison with P, and since, from Eqn. (5-2), E 
cannot be greater than 3u, the maximum value of yo,/yo is 6a°//?. Thus, 
provided the length of the beam is large compared with its depth, ie., 
a*/I? is very small, the deflection due to shear is negligible compared with that 
due to bending. 

Consider the portion of the beam to the right of A in Fig. 5-18. Then, 
from Egns. (5-25b) and (5-32), 


Sy eal 
oi ON 


If we integrate this equation and eliminate the constant of integration from 
the boundary condition that at x = 4, y = 0, then the depression of the 
beam due to shear at x = /is 

61Pl 


~ 180Au 


Vos 


If we compare this equation with Eqn. (5-3lc), which gives the deflection 
due to bending, we can again show that the shear deflection is negligible 
compared with that due to bending if a?//* is very small. 


5-6-4 Maximum stress in a loaded beam 


We have now seen how to determine the deflection at any point along a beam 
subjected to a given loading. Another quantity which we sometimes need to 
know is the maximum stress in the beam. We find this by eliminating R 
between Eqns. (5-19) and (5-22), giving the expression 


Oxy = ZM|I (5-33) 


\ 


Tis uniform along the beam and so the maximum extensional stress on an 
element occurs at the position where M is a maximum, and in the element 
at the greatest possible distance from the neutral axis. 

For the portion of the beam to the right of P in Fig. 5-16, the bending 
moment is given by Eqn. (5-23b). To find the position at which its value is a 
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maximum, we differentiate this equation with respect to x, and equate to 
zero. Thus, the maximum bending moment occurs at 


(fsa 


y= —- — — 
De leaWw 
The value of x given by this equation is less than $. However, the equation 
from which it was derived is valid only for values of x between 4/ and / 
(i.e., it describes the right-hand portion of the beam only), and so the 
maximum bending moment must occur at x = #/. Substituting for x in 
Eqn. (5-23b) gives 
l wl 
M,=-(P+— 
1 A +: A 
Thus the maximum extensional stress o, occurs in the upper or lower sur- 
face (since z is a maximum at these surfaces) at the middle of the beam, and is 
obtained by substituting the value of M, given above in Eqn. (5-33). This- 
gives 
+1z,(P + 4wl) 
O71 ee 
4I 
(z, is the value of z at the upper or lower surface of the beam). If the cross 
section of the beam is rectangular, as in Fig. 5-20, then the maximum 
extensional stress is given by 
Eat wl 
1= | ee 
al 31 
Consider now the problem shown in Fig. 5-18. Combining Eqns. (5-25) 
and (5-30), we get 


_ P(x? — 22Ix + 211°) 


M 5-34a 
201 ( 
for the right-hand portion of the beam, and 
2 2 
ve P(36x" + 519x1l —.118F) (5-34b) 


7201 
for the left-hand portion. 

Taking first the portion of the beam to the right of A, if we differentiate 
Eqn. (5-34a) we find a turning point in the curve of M against x at x = 11/. 
However, the equation is valid only for values of x between /, (= 3/) and /, 
and hence there is no turning point in this range. The maximum value of 
bending moment in this portion of the beam is therefore either at x = 3/, 
or atx =/. Substituting in Eqn. (5-34a), we find the maximum is at x = 3/ 
and is given by 

M, = 61P//180 
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Since we want to find the maximum stress in the entire beam, we need to 
know if the bending moment at any point in the left-hand portion exceeds 
the above value. By a similar method to that described above, but using 
Eqn. (5-34b), it can be shown that there is no turning point in the curve of M 
against x in the range of x in which the equation is applicable (x = 0 to 
x = /) and so the maximum value of M must occur at either x = 0, or 
x = $1. The value at x = 0 is given by 


M, = —59PI/360 


which is numerically smaller than the value at x = 3/ given above. 

Thus, the maximum extensional stress occurs in the element of material 
in the outer surface at the support A in Fig. 5-18. Ifthe beam is of rectangular 
cross section, as in Fig. 5-20, this stress is given by 


6, = £61PI/30ba? 


From the above calculations we have determined the maximum extensional 
stress due to the bending moment. There is also a shear stress, caused by the 
shear force, but before we can determine the maximum value of this, we need 
to know how it is distributed over the cross section. It can be shown that the 
maximum value occurs at the neutral axis and that the value at the upper and 
lower surfaces is zero (i.e., the opposite of the values of the extensional stress, 
which are zero at the neutral axis and maximum at the surfaces). However, 
provided the beam is long and thin, the maximum value of the shear stress 
is always much less than the maximum value of the extensional stress, and 
so its calculation will not be considered here. 


5-6-5 Elastic energy stored in bending 


Figure 5-22 shows a small section of a bent beam. The axis of this section 
was initially straight and its end faces are perpendicular to this axis. On 
bending, the faces are inclined at an angle dd. Then, if ds is the length of the 
neutral axis and R its radius of curvature, 


Lea 
R S 
Substituting this in Eqn. (5-22) gives 
M 
d¢ = —ds 5- 
gaa (5-35) 


Now suppose that the bending moment is increased to M + dM and the 
angle between the end faces increased to dé + dO. Then, 


M+dM 


df? + dé = 
? EI 


ds 
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“a La pai An ae 


Fig. 5-22 


Subtracting Eqn. (5-35) from this gives 


SG ee eds (5-36) 
EI 


This equation relates the increase in the relative rotation of the end faces of 
the section to the increase in the couple applied to them. Thus, the work 
done by the couple during this rotation is M dO, and this is equal to the in- 
crease in the stored elastic energy resulting from the increase in bending. 
Hence, if dU is the elastic energy stored in the element ds when the applied 
bending moment is M, then 


M 
dU =| M dé 
0 


Substituting from Eqn. (5-36) for d6 gives 


M 
du = aS MdM 
I Jo 
2 
Hence dU = M'ds 
2EI 


The total elastic energy stored in a beam of length / is therefore 


1 2 
hay ES (5-37) 
o 2EI 
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If this is applied to the problem shown in Fig. 5-16, EJ is uniform along the 
bar and, since bending is small, ds = dx. Thus, the total elastic energy 


stored in both portions of the beam is given by 
1 1/2 x? 
= —[P + w(l — x)]} dx 
2EI Jo 4 ! ( ) 


After integration this gives 


Tha 
U= 
32EI 


| w?/? 
P wi (hae Deel 
[ peat: 4 | Wasa 


5-7 The helical spring 


5-7-1 Description 

A helical spring consists of a wire wound so that a line drawn within it along 
its axis lies in a helix on a cylindrical surface (Fig. 5-23). The problem is to 
determine the change in the dimensions of the helix, particularly the length 
of its axis, produced by a force applied along this axis, and also to determine 
how this change depends upon the geometry of the helix and the mechanical 
properties of the wire. 


Fig. 5-23 Helical spring 
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(a) (b) 


Fig. 5-24 (a) Helical spring before loading, (b) Helical spring after loading 


5-7-2 Experimental study 

The state of stress in an element of the spring is more complicated than the 
states of stress we have considered so far. So we will first determine by 
experiment the kind of deformation produced and derive an approximate 
solution. We will then go on to make a more detailed analysis. 

In Fig. 5-24(a) a section of a helical spring is shown before loading. The 
vertical line marks the axis of the spring, and pointers to this line are fixed 
to the wire of the spring. The pointers are cemented to the wire, and so they 
will rotate if the cross section to which they are attached rotates. Figure 
5-24(b) shows the same portion of the spring after loading. Note that the 
pointers still only just touch the line marking the axis of the spring, so the 
radius of the coils has altered very little, if at all. Also, the pointers are still 
horizontal, showing that the cross section of the wire has not rotated. 

We can now study the deformation of the material of the wire by con- 
structing a model which reproduces these features of the deformation of the 
spring [Fig. 5-25(a)]. The surface of a length of rubber hose is marked with 
lines parallel to its axis and with circumferential lines, forming a rectangular 
grid. The hose is wound into a helix, and fixed by horizontal retort clamps 
to a support rod lying along the axis of the helix. The coil is extended by 
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Fig. 5-25 (b) Model of helical spring, extended 


increasing the separation of these clamps so that they are kept horizontal 
and so that their horizontal displacement from the support rod is maintained 
[Fig. 5-25(b)]. The deformation of the grid on the surface of the hose then 
corresponds to the deformation of the wire of a helical spring. 

A small portion of the grid is shown enlarged in Figs. 5-26(a) and 5-26(b). 
A piece of right-angled card, held at the intersection of the axial and circum- 
ferential lines, shows that the angle between these lines changes on extension 
of the helix. So a small element of the wire of the spring will be deformed in 
the way shown in Fig. 5-27. We can see that this deformation is the same as 
that which occurs during the torsion of a straight wire. 
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(ST 


Fig. 5-26 Change in angle between lines of rectangular grid on extension of helix 


Longitudinal lines were parallel to the axis 
before deformation 


Fig. 5-27 Deformation of grid marked on surface of wire 


5-7-3 Approximate solution 

Now we have seen how an element deforms, we could use the method 
established in the preceding sections. However, in this case, forces on differ- 
ent elements are not parallel to each other and the angles between them are 
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awkward to determine, so solution by the previous method will not be easy. 
We can avoid the difficulty by considering the stored elastic energy. 

From Eqn. (5-13b), the elastic energy stored in a wire of length / and radius 
a, subjected to a torque T, is given by 


ge 


7a" 


ge 


From Fig. 5-28, the torque T is produced by the axial force F acting at a 


-—©-— ©---9-— 


16 


Fig. 5-28 Torque on cross section of wire of helix 


distance R from the wire, where R is the radius of the helix, i.e., 
T = FR (5-38) 
Substituting from Eqn. (5-38) in (5-13b) 
2p2 
in 2s (5-39) 


mas 


Now let L be the length of the axis of the helix when the axial force is F. 
Suppose F is increased to F + dF causing L to increase to L + dL. The 
work done by the force will be FdZ and, since decreasing the force will 
restore the original conditions, this work must be stored as elastic energy. 

The increase in stored elastic energy is (dU/dF) dF and since R has been 
Shown experimentally to be constant during deformation, differentiating 
Eqn. (5-39) we derive the equation 


dU _ 21FR? 
dF mas 
Therefore, equating F dL to (dU/dF) dF gives 


di 2IR: 
dF 7pa* 


(5-40) 
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The term dF/dZ is the slope of the load-extension curve of the spring, and 
is known as the stiffness. Since the right-hand side of Eqn. (5-40) contains 
no quantity depending on F or L, this slope is constant during extension. 
Thus, if an axial force F is applied, the length of the axis of the helix increases 
by an amount L’, given by 


ye 
21R F 


ee 
7a" 


i.e., L’ and F are proportional to each other. 
If the helix is close-coiled, i.e., if the axis of the wire is very nearly normal 
to the axis of the helix, the length of the wire is given by 


if Derpe 
where 7 is the number of turns on the helix. Thus, 


3 
Te ante 


pa 


(5-41) 


5-7-4 Exact solution 


We based the approximate solution F 
on the experimental study of Section 
5-7-2, and although it shows the most 
important features it may have neg- 
lected others. We now go on to work 
out an exact solution in which we 
determine the state of stress in an 
element of wire. We do this, as pre- 
viously, by finding the internal forces 
which must act on the faces of the 
element to keep it in equilibrium with 
the external forces. 

The element of wire is shown in Fig. 
5-29. The cylindrical surface in this 
diagram, marked with broken lines, 
is the surface containing the axis of 
the wire. The element is formed by 
cutting through the wire along a plane 
normal to its axis. Since this axis is 
not normal to the axis of the cylinder, 
the plane will not contain the line AB 
(which is drawn on the surface of the Fig. 5-29 Internal forces on cross sec- 
cylinder, parallel to its axis). A line tion of helix wire 
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CD, passing through the points at which the circumference of the plane 
surface cuts the cylindrical surface, is inclined to AB at an angle f, equal 
to the helix angle. (The helix angle is the angle between the axis of the 
wire at a given point and the tangent EG to the cylinder at this point, 
the tangent lying in a plane normal to the axis of the cylinder.) 

Consider the internal forces exerted on the face of the element by the 
material lying to its left. These forces must comprise a force F, acting along 
AB, to maintain translational equilibrium with the externally applied force, 
and a couple M (equal to FR) to maintain rotational equilibrium. This 
couple acts about EG, which is at right angles to the line AB and tangential 
to the cylindrical surface. 

The situation is shown more clearly in Fig. 5-30 which shows a section of 
Fig. 5-29 on a plane surface tangential to the cylindrical surface along the 


Element of wire Element of wire 


M M cosf 


F sinf 


(a) (b) 


Fig. 5-30 Resolved components of internal forces 


line AB. The couple M and force F are shown in Fig. 5-30(a), and Fig. 
5-30(b) shows their components along, and perpendicular to, the axis of 
the wire. 

The couple M cos # will cause torsion in the wire and this is the couple 
considered in the previous approximation. The couple M sin f will cause 
bending of the wire and will change the radius of the helix. The force 
F sin B will extend the wire in simple elongation and the force F cos f will 
shear it. The resultant deformation of the helix is the resultant of the 
deformations caused by each of these components. We assume that they are 
the only internal forces acting. (There will, of course, be equal and opposite 
forces acting on the opposite face.) 


(a) Deformation due to torsion and bending From Eqn. (5-39), since the 
couple producing torsion has a torque FR cos f, the stored elastic energy 
due to torsion is given by 

LF*R® cos? 
Uy = bia (5-42) 
ma 


From Eqn. (5-37) we can calculate the elastic energy stored in a beam of 
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length / subjected to a bending moment M. In the present application, the 
bending moment M is uniform along the wire and is equal to FR sin f. 


Thus the stored elastic energy due to bending is given by 
2p2 ind 
tees IF°R sin p 
2EI 


For a wire of circular cross section, radius a, the second moment of area J 
about a diameter is }wa*, and hence 


yy = Ee (5-43) 
The total stored elastic energy U is given by 
Pires, Un to 
and so, from Eqns. (5-42) and (5-43), 
U= ales =f | (5-44) 
7a be E 


Now, as in Section 5-7-3, if an increase in force dF causes an increase in the 
axial length of the helix dL, then the work done by the force is FdL, which 
is equal to the increase in the stored elastic energy (dU/dF) dF. 

We can find dU/dF by differentiating Eqn. (5-44), but we now see from 
above that a couple, M sin f, is developed which changes R. 

Also the helix angle f will change during extension. Thus, to be completely 
accurate, we should not regard either R or f as constants when differentiating 
Eqn. (5-44) with respect to F. However, in this case we can treat them as 
constants, thereby restricting our work to fairly small extensions of the 
helix. Differentiating Eqn. (5-44) and equating F dL to (dU/dF) dF gives 


2 2 sna 
dL _ pr (i B "a 2 sin *) (5-45) 
dF ma*\ p E 


Hence, regarding R and f as constants, the extension of the spring due to 
both bending and torsion is still proportional to the applied force. The 
length of the wire / is given by 


1 = 2mnR sec B 


and, substituting above, gives the extension L’ of the helix due to an axial 
force F as 
3 2 ay] 
p = aR ca ine B , 2sin au (5-46) 


a* 7 E 
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If 6 is small, i.e., if the spring is close-coiled, cos 6 and sec # are nearly 
unity, and sin f is nearly zero. In this case, Eqn. (5-46) reduces to (5-41), 
the approximate solution derived from the experimental analysis of the 
deformation. 


(b) Deformation due to simple elongation and shear In addition to the 
torsion and bending couples, an extensional force of F sin 6 and a shearing 
force of F cos f act upon the wire. These cause the dimensions of the helix 
to change and we should have taken them into account in the above calcula- 
tion. But we will show that, provided certain conditions are satisfied, their 
contribution to the deformation is negligible. 

To do this we should determine the distribution, over the cross section of 
the wire, of the extensional and shear stresses due to these forces. A rough 
calculation will, however, suffice to show their effects to be negligible, and 
for this we can assume the stresses to be uniform. 

The stored elastic energy per unit volume of a wire in simple elongation 
due to a stress o, was given in Eqn. (5-5c). The stored elastic energy u, due 
to a simple shear stress o, can be derived similarly, and is given by 


yee (5-47) 


Thus, the total stored elastic energy U due to both these stresses is given by 
the sum of Eqns. (5-5c) and (5-47): 


Dip 2 
GU=u4+u,= ale == Al (5-48) 
2 \E 7 


Assuming the stresses to be uniformly distributed 


_ Fsin p _ FcoosB 
ma ma 


Substitution in Eqn. (5-48) gives 
Copa 2 
y= l iE p 4 008 ae 
27a E be 


Equating the increase in stored elastic energy, due to an increase in the 


axial force, with the work done by that force gives : 
dbeiel le p= cosas 
Pn Sr fae 4+ —— 
dE rat \ uu ) 


If we compare this with Eqn. (5-45), which gives the value of dL/dF due to 
bending and torsion, we see that, very approximately, 


THE HELICAL SPRING 159 


i in bending and torsion) = = ( in shear and extension] 
Provided that the radius R of the helix is large compared with the radius a 
of the wire, which is true for most wire springs, 2R?/a? will be very large. 
Hence, the value of dZ/dF due to shear and extension will be very small 
compared with its value due to bending and torsion, and so the contribution 
of shear and extension of the wire to the total extension of the helix will be 
negligible. 


5-7-5 Worked example 


A spring consists of 10 turns of steel wire of radius 1 mm wound into a 
helix of radius 2cm. The length of the helix is 20cm. Determine (a) the 
helix angle, (b) the stiffness of the spring, (c) the extension due to torsion 
at an axial load of 10° dyn, (d) the extension due to bending at an axial load 
of 10° dyn, and (e) the total stored elastic energy at an axial load of 10° dyn. 
(2 = 20 x 10° and p = 8 x 10% dyn/cm?.) 


(a) Let a length of helix ds make a projection dy on the helix axis, and a 
projection dx along the circumference of a circle whose plane is normal to 
this axis and whose radius is equal to the helix radius. Then, from Fig. 5-31, 


dy 
: 


ZB) 
are Wire 


Fig. 5-31 Determination of helix angle 


if B is the helix angle 


For one complete turn, dx = 27R and dy = 2 (since there are 10 turns on 
an axial length of 20cm). Hence, since R = 2, 


tan B = 0:159 and ob =8.9-2- 
(b) From Eqn. (5-45), the reciprocal of the stiffness is given by 


21R? “ B ni 2 sin? *) 
be E 


ma* 
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where / = 27nRsec f. Substituting given values in this equation, we get 
stiffness = 2-49 x 10° dyn/cm 
(c) From Eqns. (5-46) and (5-42), the extension due to torsion is given by 
21R°F cos? B 


mas 
Substituting the necessary values gives 
extension due to torsion = 0°396 cm 
(d) From Eqns. (5-46) and (5-43), the extension due to bending is given by 


4IR°F sin® B 


mEa’ 


Hence, extension due to bending = 0-008 cm 


(e) The stored elastic energy is obtained by substituting the appropriate 
numerical values in Eqn. (5-44) giving 


stored elastic energy = 2°01 x 10°? J 


5-8 Summary 
(i) In order to determine the deformation of structures under given loading 
conditions, we often need to use Saint-Venant’s principle (Section 5-2). 

(ii) Simple elongation is defined in Section 5-3-1. Under such loading: 

(a) stress and strain are uniform throughout the rod (Section 5-3-2), 

(b) the axial strain is proportional to the axial stress, the constant of 
proportionality being called Young’s modulus, £ (Section 5-3-5), 

(c) axial strain (extension) is proportional to transverse strain (contrac- 
tion), the constant of proportionality being called Poisson’s ratio, » 
(Section 5-3-5), 

(d) E and » are related to k and u by the equations 


1/E = 1/3u + 1/9k 
y = (3k — 2u)/(6k + 2y) (Section 5-3-5) 
(e) the stored elastic energy, u (Section 5-3-6), per unit volume is given by 
u = 4Ee or u=toe or u =o /2E 


(iii) When a couple T acts in the plane of the cross section of a shaft of 
circular cross section, the deformation produced is as follows: 

(a) the length of the shaft is unaltered (Section 5-4-4), 

(b) the radius of the shaft is unaltered (Section 5-4-4), 

(c) elements of the shaft are deformed in simple shear (Section 5-4-2), 
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(d) stress and strain are non-uniform in the cross section of the shaft 
(Section 5-4-4), 

(e) one end of the shaft rotates through an angle ¢ with respect to the 
other (Section 5-4-4), 

(f) the quantity 7/¢ is called the torsional rigidity and is given by ya?/2/ 
for a shaft of length / and radius a (Section 5-4-4). 

(iv) (a) The axis of a beam is bent into the arc of a circle by a couple 
acting in a plane containing the axis. This couple, M, is called the 
bending moment (Section 5-5-4). 

(b) Elements of the beam parallel to the axis are in simple elongation 
(Section 5-5-2). 

(c) A surface exists in which the extensional strain is zero. This is called 
the neutral surface (Section 5-5-2). If the applied forces have no com- 
ponent along the axis of the beam (pure bending), the neutral surface 
contains the beam axis which is then called the neutral axis (Section 
5-5-4). 

(d) The radius R of the neutral axis is given by M = EI/R, where J is the 
second moment of area of the cross section about the line formed 
by its intersection with the neutral surface (Section 5-5-4). 

(e) If yis the displacement of the neutral axis from its undeformed position 
at a point distance x along the beam axis, then 1/R = d?y/dx? for 
small bending (Section 5-6-2). 

(f) In determining the deflection of a loaded beam, separate solutions 
must be found for each section of the beam between points where the 
load changes discontinuously. These can be linked together using 
the condition that, at such a point, the slope and displacement of 
the neutral axis are continuous (Section 5-6-2). 

(g) Typical methods of loading beams lead to shear forces as well as 
bending moments, and both vary from point to point along the beam 
axis. If the depth of the beam is negligible compared with its length, 
then the deflection due to shear is negligible compared with that due to 
bending (Section 5-6-3). 

(h) The extensional stress (and strain) is non-uniform. It is a maximum 
at the points in the beam most distant from the neutral surface, and 
in the cross section where the bending moment is a maximum 
(Section 5-6-4). 

(v) If a helical spring is deformed by a force F acting along the axis of the 

helix, then for fairly small extensions L’ of this axis: 

(a) the radius of the helix remains constant (Section 5-7-2), 

(b) the wire of the helix is deformed in torsion, bending, simple elonga- 
tion, and shear (Section 5-7-4), 

(c) provided the helix is close-coiled, and the radius R is large compared 
with that of the wire, a, then most of the extension of its axis is caused 
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by the torsion and is given by L’ = 4nR*°F/ua*, where n is the number 
of turns on the helix [Section 5-7-4, and Eqn. (5-41)]. 


EXERCISES 


5-1 A cylindrical bar of density p has a length / when it is uniformly supported 
along its length in a horizontal position. Determine the increase in this length 
when it is hung vertically from its upper end. Ifit is pivoted at its centre of gravity 
in the horizontal position, from where does it gain its stored elastic energy when 
it is rotated to the vertical position? 


5-2 A bar of circular cross section, and of length /, is slightly tapered so that at 
one end its radius is r, and at the other it is pointed. It is mounted with its axis 
vertical and the pointed end downwards, and is supported only by its upper end. 
If the density of the bar is p and the Young’s modulus is £, determine the axial 
stress and strain at any point in the bar due to its own weight. (Assume that the 
deformation of an element is the same as if the cross section were uniform.) 


5-3 A structure comprises two cylindrical bars of the same length mounted with 
their axes parallel and separated by a distance d cm. They are rigidly connected 
to each other at their ends. One bar is of material with Young’s modulus £,, and 
is of radius r,; the other is of material with Young’s modulus £, and is of radius 
rg. The structure is rigidly clamped at one end and a force F, parallel to the axes, 
is applied at the other end. Determine the point of application of this force with 
relation to the axes of the bars if they are to extend without bending. 


5-4 A motor with power output W erg/s has a cylindrical drive shaft which rotates 
at n rev/s. If the shaft is of length /cm and is constructed from a material which 
will withstand a maximum shear strain ¢,, determine the minimum radius which 
the shaft can have, 

(a) when it is solid, 

(b) when it is a tube with inner radius equal to half the outer. 


5-5 A composite shaft has a cylindrical core of radius r; cm constructed from a 
material of shear modulus y, dyn/em?, and an outer tube with inner and outer 
radii of r;cm and rgcm respectively, made from a material of shear modulus 
Ms dyn/cm?, It is subjected to a torque T dyn-cm. Determine the relative rotation 
of cross sections at a distance / cm apart, assuming all radial lines in a cross section 
remain straight and rotate through the same angle. Determine the stored elastic 
energy in each portion of the shaft. 


5-6 A cylindrical shaft of radius rcm passes snugly through a hole of length 
/cm which is bored through a block. The frictional forces between the shaft-and 
the block are fdyn/cm®. Determine the relative rotation of the cross sections at 
the edges of the block when the shaft is subjected to a torque T dyn-cm. Assume 
elements deform as in simple twisting. 


5-7 A uniform heavy bar AB is supported on a knife edge at C, where AC = 
AB/4. It is kept in equilibrium by a second knife edge placed over the bar at A 
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at such a height that the free end B is just horizontal. Find the difference in height 
between the knife edges at A and C. 


5-8 A weightless beam is clamped horizontally at one end and a force W is applied 
to the free end. Show that the depression at a point P, at a distance x from the 
free end, is the same as the depression at the free end when the same force is applied 
at the point P. Compare the stored elastic energy in each case. 


5-9 A weight W dyn is dropped from a height 4 cm onto the free end of a bar of 
length /cm and square cross section, which is clamped in a horizontal position at 
the other end. If the material can withstand a maximum extensional strain of ¢, 
determine the minimum possible thickness of the bar, which may be assumed 
weightless. 


5-10 Young’s modulus for a rod can be determined by experiments either in 
simple elongation or bending. If the values obtained from the two experiments do 
not agree, what can you conclude about the structure of the rod? 


5-11 A wire of radius 0-1 cm is wound into a helix of radius 1 cm. The helix 
length is 10 cm, and 20 turns are wound onto it. An axial force of 10° dyn is applied. 
If the axial extension of the helix is 1 cm, determine the shear modulus of the wire, 
given that when the wire is straight the same axial force produces an extension of 
2 x 10-°cm. Find also the maximum angle of shear in the wire. 

If the material can withstand a maximum angle of shear of 5 x 10%, determine 
approximately the maximum axial force which can be applied, neglecting the helix 
angle and its variation with extension. Estimate roughly the effect of this approx- 
imation on the value obtained for the force. 


6 


Experimental validity of 
basic assumptions 


6-1 Introduction 
In the preceding chapters we related the deformation of solid bodies to the 
forces producing it, and to do this we had to make two assumptions about 
the behaviour of materials under stress. First, we assumed that strain is 
proportional to the stress, and second, that the strain is completely deter- 
mined by the stress. In particular, the second assumption implies that the 
time scale of the experiment does not affect the stress-strain relationship. 
Also, we restricted our work to small strain and elastically isotropic materials. 

In this chapter, we test the validity of these assumptions by experiments 
on real materials. We restrict the experiments to elastically isotropic mate- 
rials, at small strain, so that the experimental conditions conform to the 
restrictions of the theory. As well as studying the validity of the assumptions, 
we also need to ask whether or not these restrictions are realistic. So we 
have to consider the results of additional experiments to show the maximum 
strains to which materials may be submitted, and to indicate whether or not 
materials commonly occurring are isotropic. 

We consider five different types of material, taking one example from each 
of the following classes: 


Crystalline matter In material of this type, the atoms are packed ina 
regular pattern. Metals belong to this class and are used in our experiments. 


Inorganic glass This material is unlike crystalline matter in that the atoms 
are not arranged in a precisely regular pattern. Window and optical glass 
are common examples. 


Polymeric matter The distinguishing feature of this type of material is 
that, unlike the other two classes, the molecules are very large. They can be 
likened to long chains, each link in the chain corresponding to an identical 
chemical group. The molecules thus comprise a large number of units 
(often about 5,000) joined end to end, and molecular weights greater than 
100,000 are common. We can get some idea of the shape of the molecule 
from the fact that if its width was to be increased to that of a string 1/20 in. 
thick, its length would become about 15 yards. For our purpose we can 
further subdivide polymeric matter into the following three classes. We 
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discuss the difference between these classes at a molecular level in Chapter 8. 
1. Rubber 


Materials having widely varying properties are all known commercially 
as rubber, the variation being achieved by the addition of various ingredi- 
ents. The type of rubber we consider is pure, apart from the addition of 
chemicals necessary to ‘cross-link’ the molecules. Cross-linking is the 
tying together by chemical means of adjacent molecules at a few points 
along their length, and is essential to avoid permanent dimensional 
changes during deformation. 


2.’ Polymeric glasses 


Whilst materials in this class have the same long chain molecular structure 
as a rubber, their mechanical properties more closely resemble those of 
inorganic glasses. Polymethyl methacrylate (Perspex) is a common 
example. 


3. Semicrystalline polymers 


This class includes many of the materials commonly known as ‘plastic’, 
such as polyethylene, polypropylene, nylon, and polyethylene terephthalate 
(Terylene). 


It is important to realize that the mechanical properties of materials 
depend greatly upon their exact manufacturing history, and so experimental 
data given in this chapter should be interpreted with caution. The data will 
not be quantitatively exact for all samples bearing the same material name, 
but they will be typical, and our work will reveal various points common to 
all materials of the same class. 


6-2 Proportionality of stress and strain 

From Section 5-3, we would expect that, if Hooke’s law is obeyed, both 
axial and transverse strain would be proportional to axial stress when speci- 
mens of these materials are stretched in simple elongation. The results of 
such an experiment are shown in Figs. 6-1. The samples of material were 
elastically isotropic, and the strains were very small, so that the experimental 
conditions conformed with the requirements of the theory. For each material 
straight line graphs are produced. 

Note that the axial stress required to produce a given axial strain is very 
different for different classes of material, being about 5,000 times greater 
for steel than for rubber. Note also that the curve for glass terminates at a 
lower strain than the curves for the other materials. This is because glass 
rods in simple elongation fracture at axial strains little greater than 0-001. 

Although the curves for polyethylene and rubber have been drawn as 
straight lines, there is evidence that this is not strictly correct, and that 
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Fig. 6-1 Relationship between axial stress and longitudinal and lateral strains for 


materials in simple elongation: (a) Glass and steel, (b) Rubber, (c) Polyethylene and 
polymethyl methacrylate 


these materials deviate from linearity. However, within the range of strains 
to which small-strain elasticity theory is applicable this deviation is small—too 
small to be detectable on the scale to which the graphs have been drawn— 
and for most purposes can be neglected. Deviation from linear behaviour 
will also be observed with metals at strains little greater than those at which 
the graphs in Fig. 6-1 have been terminated. 

Hence, on the basis of these experiments, we conclude that, for the classes 
of material studied, Hooke’s law is a valid assumption, provided strains are 
small enough for elasticity theory to be applicable. It is, however, invalid at 
strains which are only slightly larger. 


\ 


6-3 Assumption of perfect elasticity 


The assumption of perfect elasticity implies that the stress-strain relationship 
is unaffected by the time scale of the experiment, or in other words, by the 
rate at which stress, or strain, is applied. The elastic moduli should therefore 


be constants, independent of the rate of deformation used in the experiments 
in which they are measured. 
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In the next experiments we test this assumption by applying a stress sud- 
denly and then holding it constant. The strain is measured as a function of 
time, and the ratio of stress to strain is calculated after different lengths of 
time have elapsed from the moment of application of stress. In a perfectly 
elastic material this ratio should be independent of the elapsed time. In 
some of the experiments, the material is deformed in simple elongation, and 
the ratio is the Young’s modulus; in others, the material is deformed in 
torsion, when the ratio is the shear modulus. However, the results have a 
similar form for either of these moduli. 

The modulus measured after a given period of time is expressed as a 
proportion of the modulus after a very short time, and this quantity is 
plotted against elapsed time in Fig. 6-2. The time is plotted on a logarithmic 
scale, so that the results of experiments completed in less than an hour can 
be compared with those taking several weeks. Results are given for glass, 
rubber, polymethyl methacrylate, and polyethylene. 

We notice that for each of the three polymers there is a considerable fall 
in the modulus over a period of an hour (that is, the strain increases, or 
creeps, with time). Thus the assumption of perfect elasticity is clearly invalid 
for these materials. For glass, the modulus changes only by about 1% in a 
period of 2-3 months. Results are not given for a metal, but, except for 
very soft metals, such as lead, these would be similar to glass. Thus, while 
glass and hard metals are not perfectly elastic in the strict sense of the term 
(since there is a detectable change in modulus with time) they can be assumed 
to be so for most practical purposes. 
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Fig. 6-2 Time-dependence of elastic properties of materials 
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For glass and metals, the above conclusion is valid only at room tempera- 
ture. At elevated temperatures the rate of creep is accelerated and can 
approach that shown for polymers. Also, with metals, the rate of creep will 
depend upon the magnitude of the strain. If this approaches the limits of the 
small strain theory, appreciable creep can occur. 

The deviation from perfectly elastic behaviour is true only for the shear 
modulus or the shear component of Young’s modulus. Time dependence 
of the bulk modulus is negligible in all materials. 

So we can say that materials are perfectly elastic only in dilatation. The 
magnitude of deformation with a deviatoric component depends on the 
history of stress application (the length of time for which it has been applied, 
the rate at which it was increased from zero, etc.), as well as upon the 
magnitude of the stress. However, provided strains are very small, the 
temperature is close to normal room temperature, and the experiments do 
not span an extremely wide time range, this effect will be of importance 
only for polymers and very soft metals. 

In the type of experiment described above, the material deforms under a 
constant stress (flows). This type of behaviour is characteristic of a viscous 
liquid rather than of an elastic solid and is thus termed visco-elastic. We 
discuss ways of describing the stress—strain—-time behaviour of such materials 
in Chapter 7. 


6-4 Behaviour at large strain 
The experiments described in the preceding sections are confined to very 
small strains, in order to satisfy the restrictions imposed by our theoretical 
work. But is this restriction realistic? To answer this question we must 
consider the results of experiments in which rods are stretched in simple 
elongation until they break. These results will show whether or not it is 
possible to deform materials to strains greater than those to which the theory 
is restricted, and, if so, the type of behaviour exhibited at such strains. 
In Figs. 6-3, which show the results of these experiments, axial stress is _ 
plotted against axial strain. The small strain definition of axial strain (increase 
in length divided by original length) is used, even though this is not strictly 
applicable to strains of the magnitude shown in some of the curves. The 
stress is taken as the axial force divided by the initial cross-sectional area, 
and, because the area decreases during extension, it is not the true stress 
according to the definitions given earlier. Also, in some cases, the area of 
cross section is not uniform along the length of the test piece at certain 
stages of deformation. Hence, the curves in Fig. 6-3 are not true stress— 
strain relationships for the materials chosen, and for this reason stress and 
strain are shown in inverted commas. (In some texts they are referred to as 
engineering stress and engineering strain.) Curves plotted in this way are, 
however, a convenient means of illustrating the general behaviour. 
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Fig. 6-3 Behaviour of materials in simple elongation at large strain: (a) steel, (b) rubber, 
(c) polymethyl methacrylate, (d) polyethylene 


A curve is not given for glass since this material usually breaks in simple 
elongation at very small strains. However, it is clear from the figures that it 
is possible to deform all the other materials to large strains. The limitation 
of the theory to small strain is therefore extremely restrictive, and methods 
of describing deformation at large strains are required if the response of 
materials to deforming stresses is to be measured at all possible strains. 

Such methods must include the correct form of the stress-strain relation- 
ship at large strains, and it is clear from Fig. 6-3 that this is not linear. 
Furthermore, different types of material differ greatly in behaviour (for 
example, rubber can be extended to 600% ‘strain’ without fracture, whereas 
steel will break at a ‘strain’ of between 25% and 30%). Let us now consider 
some of the characteristics of the different types of large strain behaviour. 
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6-4-1 Plastic strain 

From Fig. 6-3(a) we notice that the behaviour of steel changes abruptly 
at the point A. From the origin to A, the curve is substantially linear (ona 
larger scale, deviations from linearity, i.e., Hooke’s law, would be noticeable 
on this part of the curve), but beyond A the curve becomes markedly non- 
linear. If the stress were released between the origin and A, the stress— 
strain curve would be retraced, and the strain would fall to zero. If, however, 
the stretching stopped at some point beyond A, say at B, the original curve 
would not be retraced. Instead, recovery would follow the line BC, and at 
zero stress the strain OC would remain. In other words, extension beyond A 
deforms the material permanently, and so is called plastic strain.t The point 
A, which marks the transition between elastic and plastic behaviour, is 
called the yield point. 

For steel [Fig. 6-3(a)] the point A is very well defined. Immediately the 
material is strained beyond A, the stress falls to a lower value which remains 
constant over a small range of strain. The stress at A is the upper yield 
stress; the lower, constant, stress is the /ower yield stress. Whereas all metals 
exhibit plastic behaviour, in many the yield point is less clearly defined than 
in Fig. 6-3(a), and many do not have both upper and lower yield points. 

The curve for polyethylene [Fig. 6-3(d)] is similar in form to Fig. 6-3(a) 
and, in fact, beyond the point A this material also deforms plastically. But 
there is an important difference between the plasticity of polymers and of 
metals. For steel, the plastic strain OC [Fig. 6-3(a)] is present after release 
of the stress at the point B, and will change little with time, i.e., the visco- 
elastic component is very small. However, for polyethylene [Fig. 6-3(d)], the 
residual strain decays with increasing time, indicating an appreciable visco- 
elastic component. The rate of decay (or recovery) will decrease fairly 
quickly to a low value, but will remain at this low value for a considerable 
period, and the extent of the recovery is difficult to determine. In fact, the 
rate is so low that the dimensions eventually reach values which remain 
constant on any reasonable time scale; and recovery can be said to be finished. 
However, even when this state has been reached, various factors (for example, 
increase of temperature) can cause further recovery, and if the temperature 
is increased to the crystal melting point complete recovery will occur. Another 
method of producing further recovery in some polymers is to immerse them 
in hot water or other liquids. (This type of recovery is the cause of shrinking 
in clothing.) Such behaviour arises from the long chain structureof polymer 
molecules, and does not occur in metals (Chapter 8). 


} In Chapter 7 it is shown that there is a residual strain in a visco-elastic material 
immediately following stress release, and so we must distinguish between plasticity and 
visco-elasticity. Plastic strain is that strain which remains permanently, and which does not 
change with time. Visco-elastic strain will decrease with increasing time, eventually falling 
to zero. A residual strain can have both plastic and visco-elastic components, Such a 
strain would decrease with increasing time because of the visco-elastic component, but this 
decrease (or recovery) would eventually stop, leaving a permanent, plastic, strain. 
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For polyethylene, the portion of the stress-strain curve after point A 
corresponds to the formation of a constriction, called a neck, in the specimen. 
This constriction deepens until the minimum in the curve is reached, and 
further deformation occurs by propagation of the shoulders of the neck 
along the test piece (Fig. 6-4). We can regard:the specimen as existing in two 
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Fig. 6-4 Deformation of a test piece by means of a neck 


states—the portion outside the shoulders of the neck, and the portion 
between the shoulders (AB in Fig. 6-4), which is more highly deformed. 
Further deformation occurs by a portion of the material in the first state 
being transformed into the second. Since, in this condition, material in 
two different states exists in the same test piece, it is obvious that a single 
‘stress-strain’ curve obtained by measuring the load applied to the test piece, 
and the deformation between its ends [Fig. 6-3(d)], is meaningless as a 
description of the true relationship between stress and strain for the material. 
Whether or not a polymer yields in this manner depends upon the tem- 
perature and the rate of increase of extension. In the final portion of the 
stress-strain curve for steel [Fig. 6-3(a)], where the stress is decreasing with 
increasing strain, a neck is also being formed. However, this does not 
propagate along the test piece. Instead, it deepens until fracture occurs. 

Although there is no pronounced yield point in the curve for polymethyl 
methacrylate [Fig. 6-3(c)], if stretching were stopped at 3-4% extension, a 
small amount of plastic deformation would be present. Materials, such as 
glass and polymethyl methacrylate, which break at strains of a few per cent 
or less, with little, if any, plastic deformation, are referred to as brittle 
materials. Materials such as steel and polyethylene, which deform plastically 
by a considerable amount before fracture, are called ductile. 

Figures 6-3(a)-(d) relate to changes in the length of the test piece, they 
give no information about volume changes. Had volume changes been 
measured it would have been found that the permanent dilatational strain 
(if any) was negligible compared with the deviatoric. Plastic deformation is 
therefore a deviatoric strain, not a dilatational strain. 

The study of plasticity is important in many different fields of work. 
A structural engineer must design structures that will not deform plastically 
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in service (often under more complicated stress systems than simple elonga- 
tion). On the other hand, shaping operations on both plastic and metal 
components require permanent deformation, and for these operations 
methods of calculating the forces necessary to produce large plastic strain 
are desirable. The physicist is interested in the mechanism of yielding at a 
molecular level in materials. The first two aspects of this subject are not 
considered further in this book. The third, the molecular aspect, is discussed 
briefly and qualitatively in Chapter 8. 


6-4-2 Large elastic strain 


The behaviour of rubber at large strain is quite different from the behaviour 
of the materials discussed above. If stretching is stopped at any point along 
the curve in Fig. 6-3(b) and the stress reduced to zero, no plastic deformation 
is observed. There might be a small residual strain, but this will disappear 
with time, and so is a visco-elastic strain. Even if rubber is extended to six 
or seven times its normal length, the deformation is entirely recoverable. 
There is no yield point and no region of plastic deformation on its stress— 
strain curve. Such materials are described as being highly elastic, and the 
deformation is referred to as /arge elastic strain. 

Any highly elastic material is usually known as a rubber (or, in American 
texts, as an elastomer), whatever the chemical constitution of its molecules. 
Natural rubber was originally the only material having this property, but 
nowadays a wide range of synthetic, highly elastic, materials are available, 
with different chemical compositions (but all with long chain molecules). 

The large extensional strains which occur in large elastic strain are most 
conveniently specified by the extension ratio (Section 2-13). For simple 
elongation, we define the extension ratio as the extended length divided by 
the unextended length. Thus, an axial strain of 100% corresponds to an 
extension ratio of 2. 

For rubbers in simple elongation, the axial stress (expressed as force per 
unit cross-sectional area in the unstrained state) and the extension ratio « 
are related by the equation 


f = Gla — 1/?) (6-1) 


up to extension ratios of about 2 (the symbol fis used because this is not a 
stress according to the strict definition of the term). This equation is derived 
from a theory of the molecular mechanism of large elastic strain which is 
discussed in Chapter 8. The term G has the nature of an elastic modulus. 
It is independent of the chemical composition of the rubber molecule, but 
depends instead on the lengths of the molecular chains between cross-links. 
This is in accord with its theoretical derivation. At larger extension ratios 
this expression breaks down and the equation 


J = 2(a — 1/a2)(C, + C,/x) (6-2) 
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describes the behaviour better. This equation is derived from a generalization 
of the first four chapters of this book to include large elastic strain in bodies 
which are isotropic in the unstressed state, and does not depend on the 
particular molecular mechanism of extension. The terms C, and C, are 
constants defining the elastic properties of the material. It can be shown 
that C, is related to G (defined above), but the significance of C, in molecular 
terms remains a puzzle. 

If we were to measure the volume changes during the extension of a 
rubber, we would find that they were negligible compared with the exten- 
sional strain. Hence, dilatational strain is very small, and large elastic strain 
is entirely deviatoric. 


6-5 Restriction to isotropic materials 
The equations we have developed to relate stress and strain are not only 
restricted to small strains; they are also restricted to elastically isotropic 
material. We can study the isotropy of a material in two ways. 

First, if the material is available in the form of a rod, we can measure p, 
E, and v, experimentally. Now, from Eqns. (5-2) and (5-4), 


E = 2u(1 + ») 
and thus, if the material is isotropic, 
2u(1 + /E=1 


We can calculate the quantity 2u(1 + »)/E from our measurements, and 
if it is different from unity the material is anisotropic. It is therefore called 
the anisotropy factor. 

Second, if the material is available in sheet or block form, we can cut 
strips in various directions and measure their Young’s moduli. If different 
values are obtained for strips cut from different directions, then the material 
is anisotropic. 

Experiments using these methods show that materials in many of the 
forms in which they are commonly used are anisotropic. For example, 
textile fibres are highly anisotropic. So, to a lesser degree, are plastics, 
whether in the form of film, plate, or rod. Some anisotropy often exists in 
metal sheets. 

The reason for this is that the processes by which the material is shaped 
often introduce directional properties. Metal is a crystalline material and a 
single crystal would be highly anisotropic. However, a metal block is made 
up of these small crystals pointing in different directions and is therefore 
isotropic. But if the block is formed into a sheet by squeezing it through 
rollers which reduce its thickness and increase its length, the crystals tend to 
tilt into preferred directions and so anisotropy is introduced. 
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Synthetic textile fibres, which are semicrystalline polymers, are made by 
extending filaments of the material plastically to several times their isotropic 
length. This operation tends to align the molecular chains in a preferred 
direction and so these materials are highly anisotropic. Similar processes 
occur in the manufacture of plastic film, and also make it difficult to avoid 
introducing some anisotropy during the manufacture of rod and plate. 
Natural textile fibres, such as cotton and wool, are also anisotropic, the 
alignment being introduced in this case during the growth of the fibre. 

We see, then, that many materials in the form in which they are commonly 
used exhibit anisotropy to some degree. It is therefore necessary to extend 
the theory relating stress and strain to include anisotropic materials. This 
has been done, but the mathematics are beyond the scope of this book. It is 
found that to describe the elastic properties of a completely anisotropic 
material, 21 independent elastic moduli are necessary (instead of the two 
required for an isotropic material). If any symmetry exists in the structure 
this will reduce the number of moduli. For example, in the case of a textile 
fibre, cylindrical symmetry exists, and this reduces the number to five. In 
the case of a single cubic crystal, the atoms lie at the corners of a cube, and 
this symmetry reduces the number to three. 


6-6 Heterogeneous materials 

In previous chapters we have implicitly assumed that the materials are 
homogeneous, i.¢., their elastic properties are uniform throughout the mater- 
ial. However, this is not true for many materials in common use, and these, 
in which the elastic properties vary from point to point, are called hetero- 
geneous materials, Common examples include paper (which comprises a 
bonded matrix of fibres directed at random), cloth (which comprises fibres 
woven in two directions at right angles), cord or yarn (which comprises a 
twisted bundle of fibres), fibre-reinforced plastics, timber, and plywood. 

Nearly all materials can, in fact, be regarded as heterogeneous if the scale 
on which they are examined is small enough. Thus an isotropic metal sheet 
consists of microscopic crystals oriented at random. If the elastic properties 
of this sheet are examined on a microscopic scale they will be found to vary 
from point to point, depending on the orientation of the particular crystal 
being studied. The heterogeneity of a material such as this is unimportant in 
determining the deformation of a large piece. It is sufficient to use the 
average elastic properties. \ 

If, however, the size of the heterogeneous parts is comparable with the 
size of the whole piece, this is not possible. In such cases we must regard 
the body as a structure made up of component parts, and determine the 
force-deformation relationship of the structure from those of its parts. 
This is often extremely difficult, and the elastic properties of many structures 
have yet to be determined in this way. 
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6-7 Summary 


The experimental results discussed in this chapter lead to the following 
conclusions. 


(i) Hooke’s law is obeyed by all materials at very small strains, i.e., those 
within the range of the theoretical development (Section 6-2). 

(ii) Few, if any, materials are perfectly elastic. In experiments covering a 
reasonable time scale, hard metals and glass at very small strains and room 
temperature can be treated as such. Polymers under these conditions are 
markedly visco-elastic, and the simple elasticity theory can be used with 
these materials only if the moduli are measured in experiments covering a 
similar time scale to that which will be operative in their application (Section 
6-3). 

(iii) Most materials can be extended to strains which are too large to use 
small strain elasticity theory (Section 6-4) and the phenomena of high 
elasticity (Section 6-4-2) and plasticity (Section 6-4-1) occur at these large 
strains. 

(iv) Many materials are anisotropic in the forms in which they are com- 
monly used (Section 6-5). 


7 


Description of visco-elastic behaviour 


7-1 Introduction 

In the previous chapter we saw that materials are not perfectly elastic, but 
their shear modulus depends upon preceding stress or strain history. It is 
therefore desirable to be able to describe the visco-elastic properties of a 
material so that its response to any known stress history can be calculated. 
In this chapter we develop methods of doing this, which are satisfactory at 
small strains. This type of description is particularly important for polymers. 


7-2 Visco-elastic behaviour of materials 

Section 6-3 described an experiment to study visco-elastic behaviour, and 
gave the results for several materials. In this experiment we observed the 
phenomenon known as creep, and we now go on to examine the creep 
behaviour of a typical visco-elastic material in more detail, and describe 
two other experiments which are used to study visco-elasticity. 
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Fig. 7-1 Creep of visco-elastic material 
Figure 7-1 shows the creep of such a material. In this figure, stress and 
strain are plotted against time. (For convenience, we describe the results of 
a simple elongation experiment, the stress and strain being the axial values. 
Figure 7-1 and the description which follows would be equally applicable to a 
torsion experiment.) 
A stress o is instantaneously established at time t, and maintained constant 
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until time ¢,, when it is instantaneously removed. When the stress is applied, 
an instantaneous elastic strain €, occurs. While the stress is held constant, 
the strain continues to increase by an amount &, the creep strain. When 
the stress is removed, there is an instantaneous elastic recovery €, equal in 
magnitude to the instantaneous elastic strain. In time, the residual strain will 
have recovered by an amount ¢,, the creep recovery. 

The creep modulus E,¥ is defined as o/(€) + €.) and the visco-elastic 
behaviour in creep can be described by expressing E, as a function of time. 
This function is often represented graphically. It is sometimes more con- 
venient to express results in terms of the creep compliance D,,t instead of the 
creep modulus. This is simply the reciprocal of the modulus, and is given by 
(€) + €,)/o. Clearly, the mechanism responsible for creep is also responsible 
for creep recovery. Hence, any method of visco-elastic analysis should 
enable recovery behaviour to be calculated from the creep modulus. 

In the second type of experiment, we observe the phenomenon of stress 
relaxation. It is conveniently demonstrated by considering simple elongation, 
but other forms of deformation would serve equally well. In this experiment, 
the specimen is clamped at a fixed extension, and a stress oy is developed 
at the instant, ¢,, at which the extension is applied. This stress relaxes with 
time by an amount o, (Fig. 7-2). If, at time fy, the extension is instantaneously 
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Fig. 7-2 Stress relaxation in visco-elastic material 


reduced to zero and the specimen reclamped, the stress falls instantaneously 
by an amount oo, causing a compressive stress to be generated. This will 
relax with time by an amount o,. 


+ We use the symbol E, for Young’s modulus, since we are describing a simple elongation 
experiment. Were we describing a torsion experiment, the shear modulus « would have 
been used. The symbol G is also frequently used to denote shear modulus in visco-elastic 
experiments. 

+ D is the symbol used for the tensile compliance, i.e., the reciprocal of the Young’s 
modulus. J is generally used for the shear compliance, or reciprocal of the shear modulus. 
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The visco-elastic behaviour in stress relaxation can be described by express- 
ing the stress-relaxation modulus E,, defined as (6) — o,)/e, as a function of 
time. However, it is sometimes more convenient to use the stress-relaxation 
compliance D,, which is simply the reciprocal of the modulus. The recovery 
from stress relaxation is caused by the same process that causes the relaxation, 
and so it should be possible to calculate this recovery from the variation of 
of the stress-relaxation modulus with time. Also, creep and stress relaxation 
must both be caused by the same process, and so, if a material is characterized 
in one experiment, it should be possible to predict its behaviour in the other. 

In the third type of experiment, a strain which varies sinusoidally with time 
is applied to the material, and the stress measured as a function of time. 
Graphs of stress and strain against time, similar to those of Fig. 7-3(a), are 
obtained. 
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Fig. 7-3 Response of a visco-elastic material to sinusoidally varying strain 
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We see from Fig. 7-3(a) that the stress varies sinusoidally with time, but is 
out of phase with the strain. Thus, we need two parameters to specify the 
response of the material to this type of strain history; one to give the 
relationship between the amplitudes of the stress and strain curves, the other 
to give the relationship between their phases. The first is the absolute 
modulus |E| (= om/ém) and the second is’the phase angle 6. (The phase 
angle is obtained by dividing the time scale representing one complete cycle 
into 27 radians, and determining the number of radians between two iden- 
tical positions, one on the stress curve, the other on the strain curve.) Instead 
of the phase angle, the Joss factor, tan 6, is often specified. Both |E| and 
tan 6 vary with the frequency at which the strain oscillates, and a complete 
specification of the visco-elastic properties of the material will express them 
as functions of frequency. 

Figure 7-3(b) shows another method of expressing the results of this 
experiment. Since the strain varies sinusoidally with time, its value at any 
instant can be represented by the projection of the rotating vector « (of 
magnitude ém) on the axis OX. This vector rotates in a clockwise direction 
with angular velocity 27m radians per second, where n is the frequency of 
the strain oscillation. In Fig. 7-3(b) it is at a position representing the strain 
at the point A in Fig. 7-3(a). The stress can similarly be represented on the 
same figure by a vector o rotating with the same angular velocity. Its length 
will be om and its position as shown in Fig. 7-3(b). Thus, the stress is in 
advance of the strain by the phase angle 6. The ratio of these two vectors 
(i.e., a/e) is the complex modulus E*. (It is called complex because—as will 
be shown—it can be represented by complex number notation.) 

The vector o can be resolved into two components, o’ along « (in phase), 
and o’at right angles to « (out of phase). So we can now define two moduli: 
the in-phase modulus E', given by o'/e; and the out-of-phase modulus E", 
given by o”/e. Since 


o =ocoso and o’ =osinod 
o ocosd 
E' = — = — = E*coso 
E E 
and, similarly, E” = E* sin 6 


Thus these moduli are only an alternative way of expressing the experimental 
results; they do not provide any further information. 

Using the normal notation of complex numbers, o = o’ + io”, since o 
is the vector sum of o’ and o”. Thus 


E* = ofe = (o' + io”)/e = E’ + iE” 


Clearly, the moduli determined from this type of experiment are related 
to the creep and stress-relaxation moduli, and their variation with time. 
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It should be possible, therefore, to characterize the visco-elastic properties 
of a material in a way that will enable its response to these stress or strain 
histories to be predicted. 


7-3 Use of models to describe visco-elastic behaviour 

Consider the creep of a visco-elastic material. The deformation which 
occurs immediately the load is applied corresponds to that which would 
occur in a perfectly elastic material, while the deformation which occurs 
under a steady load corresponds to that of.a viscous liquid. This suggests 
that it might be possible to reproduce the response of the material to this 
stress history with a model made up of elastic and viscous components. 
Further, such a model might respond to any other stress history in an 
identical way to the material. If so, we would be able to describe the visco- 
elastic properties of the material by the moduli and viscosities of the compo- 
nents of the model. 


7-3-1 Maxwell model 


In 1867, Clerk Maxwell suggested using the model shown in Fig. 7-4, and 
this possibility has been explored by many people. The model comprises a 
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Fig. 7-4 Maxwell model 


spring and dashpott connected in series. The spring has a stiffness, EF, 
such that a force, f, will produce an extension, x, given by 


f=&Ex (7-1) 


The dashpot has a viscous coefficient, 7, such that a force, f, will cause a rate 
of extension of dx/dt, which is given by 


f=n dxdt (7-2) 


} A dashpot is a mechanical device which extends at a constant velocity when subjected 
to a constant force, and consists of a piston moving in a cylinder filled with a viscous 
fluid. The viscous coefficient of a dashpot is defined as the ratio of the force to the velocity 
of movement of the piston (i.e., the rate of extension). The symbol 77 is used for this, but 
it should be noted that the same symbol is also frequently used for viscosity, which is 
dimensionally different. Similarly, the symbol E is used for the stiffness of the spring and 
is also frequently used for Young’s modulus, which again is dimensionally different. 
Confusion will not arise provided it is remembered that, when referring to models, 7 and E 


represent the viscous coefficient and stiffness respectively, but when referring to materials 
they represent the viscosity and modulus. 
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Fig. 7-5 Response of a Maxwell model to creep 


Let us now perform a creep experiment on this model. When the force f 
is applied, the spring extends instantaneously by an amount x, (Fig. 7-5). 
As f is held constant, the dashpot extends at a constant rate dx/dt, the 
extension of the spring remaining constant. When the force is removed, the 
spring recovers instantaneously, its extension decreasing by xy, but the dash- 
pot does not recover, since there is now no force acting on it. Thus, as shown 
in Fig. 7-5, the model demonstrates all the observed experimental behaviour 
except creep recovery. 


7-3-2 Kelvin or Voigt model 

The model shown in Fig. 7-6 was suggested by Kelvin, and also, inde- 
pendently, by Voigt. It comprises a spring and dashpot obeying Eqns. 
(7-1) and (7-2), but this time they are connected in parallel. Now when the 
force f is applied the dashpot prevents any instantaneous extension. Under 
the steady force, creep takes place, the rate being given by 


fa = 1 Ax/dt 
where f=fatsh (7-3) 
and fz = Ex 
J 


f= 


Fig. 7-6 Kelvin (or Voigt) model 
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Fig. 7-7 Response of Kelvin model to creep 
Thus dx/dt = (f — Ex)/n 


and so, as creep proceeds, since x increases, the rate of creep decreases. 
When the force is removed, instantaneous recovery is again prevented by 
the dashpot. However, Eqn. (7-3) becomes 


(ackYe =U 
and, since the spring is extended, f, is greater than zero; fy is therefore 
negative, which means that a force acts on the dashpot to cause recovery. 
This process is shown in Fig. 7-7, from which we see that the model demon- 
strates creep and creep recovery, but not instantaneous recovery or extension. 


7-3-3 Three-element model 


We have seen that the Maxwell model demonstrates all the experimentally 
observed features of creep except creep recovery; the Kelvin model demon- 


ap 


i= =) dx,/dt} 


f Fig. 7-8 Three-element model 
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strates all the features except instantaneous extension and recovery. Thus a 
combination of the two might well reproduce experimental behaviour * 
exactly. This three-element model (it is also known as the standard linear 
solid) is shown in Fig. 7-8. 

When a force fis applied to this model, the force acting on spring A is f,, 
and that acting on the Maxwell element is fm’, where 


fa deok tan (7-4) 


Let the total extension of the model be x. This is the extension both of the 
spring A and the Maxwell element, since they are rigidly connected in 
parallel. Thus 


- 


fs = E,x (7-5) 


The extension of the Maxwell element is divided between spring B (extension 
X,) and the dashpot (extension xg) so that 


X =X, + Xa (7-6) 

Also fin = Eoxs (7-7) 
dx 

and =—7—! 7-8 

tm = a (7-8) 


Consider now the response of this model to a steady force. At the instant 
the force f is applied, both springs extend instantaneously, but the dashpot 
remains unextended. Thus, the extension of both springs must be the same, 
x’, and, from Egns. (7-4), (7-5), and (7-7), 


bole) ana 
E, + E, 


Since there is now a tension in the Maxwell element given by 
Jim = Ex 


the dashpot starts to extend at a rate dxq/dt, causing spring B to contract, 
and fm to decrease. This will cause f, to increase since the sum of fm and f, 
must remain constant at the value f, and so the total extension x of the 
model increases. In other words, creep occurs. 

The rate of creep, dx/dt, can be obtained mathematically. From Eqn. 


(7-6), 


dt dt dt 
and, substituting from Eqns. (7-7) and (7-8), 


dx 1 fa | fa 
dimer Edt 7] 
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From Eqns. (7-4) and (7-5) fm =f — E,x 
and substituting from this in the equation above gives 


fib come pip com mere oe yf 
E,+E)—+—==+* 7-9) 
( 1 ») dt ¥ T dt T 


To obtain Eqn. (7-9) we make the substitution 7 = »/E,, where 7 is the 
relaxation time of the Maxwell element. (The reason for this title will 
become clearer when the behaviour of the model in stress relaxation is 
considered.) Equation (7-9) is a differential equation from which the force— 
extension-time relationship of the model can be calculated for any history 
of force application or extension. 
In a creep experiment, df/dt = 0. Substituting this condition in Eqn. 
(7-9) gives 
dx f—E,x 
dt +7(£,+ E£,) 


and this refers only to creep. This equation shows that, since x increases as 
creep occurs, the rate of creep will decrease with time. 

When the force is removed, the springs retract instantaneously by an 
amount equal to the instantaneous extension. However, since the dashpot 
has extended during creep, and the total applied force has now been reduced 
to zero, spring B must be in compression and spring A in extension. 

Thus, there is a force tending to make the dashpot contract, reducing the 
compression in B, which in turn allows A to contract, i.e., creep recovery 
takes place until the model recovers its original length. 

The rate of creep recovery can be found by substituting f= 0 in Eqn. 
(7-10) giving 


(7-10) 


dx an E,x 

dt (Ey + E,)r 
Since x decreases as recovery progresses, the rate of creep recovery decreases 
with time. . 


Force f Force 
applied 


os 
Extension E,+E, s 


Rate ofcreep py 
recovery = ——" 


| 
| (E,+E,) 
| 


Time 


Fig. 7-9 Response of the three-element model to creep 
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The response of this model is plotted in Fig. 7-9, and if we compare it with 
Fig. 7-1, we see that the model exhibits, qualitatively, the same creep be- 
haviour as a visco-elastic material. 

The response of this model to a stress-relaxation type of experiment will 
now be considered and shown to be qualitatively the same as that of a 
visco-elastic material (as illustrated in Fig. 7-2). 

If an extension x is instantaneously applied, spring A and spring B both 
extend by an amount x. Therefore, 


Ju = E,x and 6 f, = E,x 
Since fm and f, are developed instantaneously, an initial tension f given by 
f=het fo = x(E; + E) (7-11) 


is developed instantaneously. This corresponds to the stress o) developed 
at time ¢, in Fig. 7-2. 

The extension x applied to the material is now held constant, and so the 
extension of spring A must remain constant at this value. The tension f,, 
therefore, also remains constant. However, the tension in the Maxwell 
element gradually falls as the tension in spring B extends the dashpot. 
Therefore, the total tension in the model decreases with time. The rate of 
decrease can be found from Eqn. (7-9), by substituting dx/dt = 0, which is 
a necessary condition in a stress-relaxation experiment. This gives 


dfldt = —(f — E,x)/7 (7-12) 


In this equation df/dt must be negative since, from Eqn. (7-11), fis initially 
greater than E,x. Thus, f must relax with increasing time. Furthermore, 
from Eqn. (7-12), as f decreases the rate of relaxation must decrease. The 
behaviour of the model thus corresponds to that of the material between 
times ¢, and ¢, in Fig. 7-2. 

When the applied extension is instantaneously reduced to zero, f, falls to 
zero, but, since spring B is compressed to compensate for the extension which 
has occurred in the dashpot, fm will become negative. This negative tension 
relaxes as it gradually causes the dashpot to close. The instantaneous fall in 
tension in the model must be x(E, + £,), since the reduction in extension 
occurs initially entirely in the springs. Thus, from Eqn. (7-11), the reduction 
in tension is equal to that instantaneously developed, which again corresponds 
to the response of the material illustrated in Fig. 7-2. To find the rate of 
relaxation of the negative tension, we substitute f= 0 in Eqn. (7-12), giving 


dfjdt = —f]r (7-13) 


Since f is negative, df/dt is positive, and so the tension approaches zero with 
increasing time, corresponding to the behaviour shown in Fig. 7-2. As it 
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does so, however, the rate of relaxation decreases. Integrating Eqn. (7-13), 
we get 


f= Aexp (—?/7) 


where A is a constant of integration which we can eliminate by supposing 
that, at some stage during the process represented by this equation, the 
tension f has the value fj, and that the time at which this occurs is zero. Then 


Slfo = exp (—#t/7) 


We can use this equation to give a physical definition of the relaxation 
time, since, when t = 7, i.e., when a time equal to the relaxation time has 


elapsed, 
fo = l/e 


Thus the relaxation time is the time required for the tension in a Maxwell 
element held at constant extension to relax to 1/e of its original value. 

We have now seen that a three-element model will reproduce qualitatively 
the behaviour of a visco-elastic material in creep and stress relaxation. 
We now go on to show that it will also reproduce qualitatively the behaviour 
of such a material subjected to sinusoidally varying extension. 

We can see from a simple physical argument that the tension and extension 
in the model will be out of phase, for, whereas the tension in the springs is 
proportional to (and therefore varies in phase with) their extension, the 
tension in the dashpot is proportional to its rate of extension. For an extension 
varying sinusoidally with time, the rate of extension (and hence the tension 
in the dashpot) is 90° out of phase with the extension. The combination of 
these effects causes the tension and extension to be out of phase, corre- 
sponding to the behaviour of the material shown in Fig. 7-3. 

We will now express this argument mathematically. Let the extension 
and time be related by the equation 


XxX = Xp, Sin wt (7-14) . 
then dx/dt = wx, cos wt 
Substituting these in Eqn. (7-9) gives 
(E, + E:)oxgr cos wt + E,xy sin wt = rdf/dt + f 


This is a differential equation which may be solved to give ‘ 
E ae (E, + E 2)" 2251/2 
f= eel sin (wt + 6 - 
ine (wt + 6) (7-15) 
where tan dé = me 


E, + w7°(E, + E,) 
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This represents a sinusoidal force-time relationship which leads the 
extension-time relationship by an angle 6, and so the model responds to this 
extension history in the same way as the visco-elastic material shown in 
Fig. 7-3. We can derive the absolute modulus from Eqns. (7-14) and (7-15). 
These show the amplitude of the extension to be x, and that of the tension 
to be : 


x E (ei + zeny 
= 1 + w*7* 


whence |E| = [2 seas eel 
1+ w*7? 

It has now been shown that, in all three histories considered, the three- 
element model will exhibit the same qualitative behaviour as a visco-elastic 
material. However, this is not sufficient. We want to be able to choose a 
set of values of E,, E,, and 7 so that the model will reproduce the behaviour 
of the given material quantitatively. 

First, then, assume that a visco-elastic material does respond quantitatively 
in the same way as the above model. Its strain—-timet relationship, when 
subjected to a constant stress, can be found by integrating Eqn. (7-10), 
giving 

res o(> + E,{1 — exp [—E,t/7(E, + =2h) 
E,(E, + E3) 


We eliminated the constant of integration using the condition that the stress 
was applied at zero time, when the strain instantaneously became o/(£, + E,). 
The creep compliance, D,, is therefore given by 
Do= tt, = E, exp [—E,t/7(E, + E,)] (7-16) 
Ey E,(E, + Es) 
where ¢ is the time which has elapsed since the moment of application of 
stress. At very small values of ¢ the value of the exponential term is unity 


and so 
D, — 1/(E, a E;) 


At very large values of ¢ the value of the exponential term is zero, and so 
Do = le 
Hence, the variation of D, with time is controlled by this exponential term; 


+ When dealing with the response of models, force and extensions were considered. Now 
that the equations are being applied to materials, force will be replaced by stress and 
extension by strain. The spring stiffnesses then become moduli, and the viscous coefficients 
of the dashpots become viscosities, in order to keep the equations dimensionally correct. 
The dimensions of the relaxation time are not altered. It becomes the ratio of a viscosity 
to a modulus, which is dimensionally the same as that of a viscous coefficient to a stiffness. 
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to show the variation of such a term with time, exp (—x) is plotted against 

logy» (x) in Fig. 7-10. As this figure shows, most of the change in exp (—x) 

with log) (x) occurs in the range of logy, (x) from —0-75 to 0-25 [Le., 

one unit of log,, (time)], or in the range of the value of x from 0:2 to 2. 
In Eqn. (7-16), x has the value £,t/7(E, + E,), and so 


Logie (x) = logyy [Eyt/7(Ey + Es)] = logyo (1) + logig [Ex/7(Ex + £s)] 
Thus, curves of 
exp [—£,t/7(E, + £,)] against logio [E,t/T(E, + E,)] 
and of exp [—£,¢t/7r(E, + E,)] against 10240 (t) 


would be identical except that one would be displaced from the other along 
the log;, (¢) axis. It therefore follows that if Eqn. (7-16) (derived for a 
three-element model) describes the behaviour of a visco-elastic material, 
then experimental values of D, for such a material plotted against log,, (t) 
should give a curve in which most of the change in D, occurs over one 
unit of log,, (time). 

In Fig. 7-11, experimental values of D, have been plotted against logy, (t), 
and it will be seen that the change in D, occurs over a range of logy, (time) 
very much greater than unity. So it follows that the three-element model 
does not provide a quantitative description of the response of a visco- 
elastic material. This conclusion is emphasized by the curve of D, against 
logio [E,t/7(E, + E,)] for a three-element model, plotted in Fig. 7-11. 
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Fig. 7-10 | Variation of exp (—x) with logio (x) 
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Fig. 7-11 Comparison of the three-element model with a visco-elastic material 


Values of E, and E, were chosen so that the curves coincided at short and 
long times, and the curve for the model was displaced along the logy, (¢) 
axis so that the curves for the model and the material crossed at the mid- 
point of the range of D, (this effectively assigns a value to 7). A similar 
result would have been obtained had any other stress or strain history been 
investigated. We have to conclude, therefore, that a three-element model 
does not describe quantitatively the behaviour of a real visco-elastic mat- 
erial—the change in compliance of such a material extends over a much wider 
range of log,, (time) than that of the model. 


7-3-4 The Wiechert model 
Suppose now we construct a further model which has two Maxwell elements 
instead of one. Suppose, also, that the relaxation time of one of the elements 
is different from that of the other by a factor greater than 100. Since, from 
Fig. 7-11, most of the relaxation of a Maxwell element is completed in one 
unit of log; (time), the relaxation of one of these elements will hardly have 
started before the relaxation of the other is almost complete. Thus, Fig. 7-11 
can be regarded as illustrating the change in creep compliance due to the 
relaxation of the element with the shorter relaxation time. The entire curve 
of creep compliance against log, (time) for this model will therefore be as 
shown in Fig. 7-12, where £; is the stiffness of the spring in the element with 
the shorter relaxation time. This figure shows that the change in creep 
compliance now occurs over a wider range of logy, (time). 

If the difference in relaxation times of the two elements were less, a 
smoother curve changing over a narrower band of log,, (time) would have 
been obtained. Also, the width of this band could have been increased by 
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Fig. 7-12 Creep compliance of model containing two Maxwell elements in parallel 


including still more elements. It is apparent, then, that the experimental 
curve of Fig. 7-11 could be reproduced by including a sufficient number of 
Maxwell elements with suitably chosen moduli and relaxation times. 

This is the basis of the Wiechert model which has an infinite number of 
parallel elements, the relaxation times of adjacent elements differing infinitesi- 
mally. Hence, if E(7) dr is the sum of the spring stiffnesses of those elements 
having relaxation times lying between 7 and 7 + dr, the properties of the 
model can be represented by a graph of E(r) against 7. This graph is the 
distribution function of relaxation times, or the relaxation-time spectrum. 

In this model, we can regard the isolated spring as an element containing a 
dashpot of infinite viscosity, i.e., it has an infinite relaxation time. However, 
as it cannot be included in the distribution function without making this 
discontinuous at + = 00, it is treated separately. 

We could choose a distribution function of relaxation times so that a 
model having this distribution would reproduce the curve of creep compliance 
against time for the visco-elastic material shown in Fig. 7-11. We could 
then calculate the responses of this model to other stress and strain histories, 
and compare them with the experimental response of the material. If the 
method of describing visco-elastic properties in terms of relaxation-time 
spectra is satisfactory, the calculated and experimental responses should be 
the same, and so we now discuss methods of calculating the response to 
certain histories in terms of the relaxation-time spectrum. 


7-4 Calculation of response from the relaxation-time spectrum 
Consider first the case of stress relaxation. Using methods similar to those 
by which we derived Eqn. (7-9), the differential equation for the response of a 
single Maxwell element to any history is found to be 


E,7; dt een td fee +h (7-17) 
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In a stress-relaxation experiment an extension is instantaneously applied, 
and kept constant with time. Since all the elements are in parallel, each one 
is held at the same extension, and so dx/dt = 0 for each one. Substituting in 
Eqn. (7-17), we get 
df 
= —— 

oe Si 
which can be applied to any element in the model. Solving this equation gives 
Ii = E,x exp (—t/7,) (7-18) 


The constant of integration has been eliminated using the condition that 
the extension is applied at zero time and the force E,x is developed 
instantaneously. 

Now let Eqn. (7-18) be applied to those elements with relaxation times 
between 7 and 7 + dr. Since these are in parallel, they are all at the same 
extension x, and the total force exerted by them all is the sum of the individual 
forces exerted by each one. Thus the total force, df, exerted by this group of 
elements is given by 

df = xE(r) exp (—t/7) dr 


(Since all elements in this group have relaxation times between 7 and 7 + dz, 
exp (—?/7) can be regarded as a constant for each. Thus the only quantity 
to be summed on the right-hand side of the equation is the stiffness of each 
spring in the group, and from the definition of the distribution function of 
relaxation times this sum is E(7) dr.) 

We can now determine the total force, f, developed by adding together 
all the groups of elements of different relaxation times and the isolated 
spring of stiffness E,, giving 


f=xE, + «| E(r) exp (—t/7) dr 
0 
The stress-relaxation modulus, E, = f/x, is therefore given by 
E, = Ey +] E(r) exp (—t/r) dr (7-19) 
0 


Thus, if we know the distribution function of relaxation times, we can 
determine the integral as a function of ¢, and find £;. 
Consider next the case of an extension varying sinusoidally with time, Le., 


X = Xo SiN wi 
Since all elements are connected in parallel, at any instant they are all 


equally extended, and so this equation gives the extension in any element. 
If we consider first a single element, from Eqn. (7-17), 
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d 
E,@71Xo Cos ot = Ta, . + hi 
t 


This differential equation can be solved to give 


E OT1Xo 
ie + wy eee 
where tan 6 = 1/w7, Pe 


Since 6 varies from element to element, the tensions in the different elements 
will be out of phase with each other, and can only be added vectorially. 
However, the component of the tension in phase with the extension will be 
given by 
E,@71Xo 

Pe, (1 + wr ale 
and these components must be in phase for all elements, since the extensions 
of all elements are in phase. Substituting for cos 6 from Eqn. (7-20) gives 


cos 6 sin wt 


Wo 


E,wr?xy) 
fi = 4 sin ot 
(1 + wr?) 


As in the case of stress relaxation, the tension in all elements can now be 
added to give the total tension in phase with the stress as 


: © E(r)w?r | 
= (S45 Sim Gy U8 ——#—- d 
f’ = (wos on) Ex +[ eh 


where £; is the stiffness of the isolated spring. 
The in-phase modulus, E’, is therefore given by 


Meg tigth Ie eG (7-21a) 
1+ wr 
Similarly, the out-of-phase modulus, E”, can be shown to be 
© E(r)wr 
E’ =| —-—d 7-21b 
i 1+ w?7? z ( ) 


E, does not enter into this expression since the tension in an isolated spring 
is in phase with the extension. 

The determination of the creep modulus in terms of the relaxation-time 
spectrum is not so straightforward. The difficulty arises from the fact that, 
in creep, the total tension in the model remains constant, but the tension in 
an individual element can alter. Thus, df,/dt in Eqn. (7-17) cannot be 
evaluated and so the equation cannot be solved. The difficulty can be 
overcome by postulating a different type of model. This consists of an infinite 
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string of Kelvin elements in series. Each element is characterized by a 
spring stiffness and a retardation time, 4,¢ which is defined as the ratio of the 
viscous coefficient of the dashpot to the stiffness of the spring. It is found to 
be more convenient with this model to consider the contribution of individual 
elements to its compliance, rather than their contribution to its stiffness. 
If D(A) da is the sum of the compliances of the elements having retardation 
times between 4 and 4 + dA, the graph of D(A) against / is the distribution 
function of retardation times, or the retardation-time spectrum. There appears 
to be no generally accepted name for this model; let us call it the series 
model. 

It can be shown that, provided such a model contains an element with 
zero retardation time (i.e., one with an isolated spring), then for any distri- 
bution of retardation times there exists an equivalent Wiechert model. 
Furthermore, the relaxation-time spectrum of this equivalent model can be 
determined in terms of the retardation-time spectrum. Conversely, it can be 
shown that, provided the Wiechert model contains an element of infinite 
relaxation time (i.e., an isolated spring), then for any distribution of relaxa- 
tion times there exists an equivalent series model of which the retardation- 
time spectrum can be determined in terms of the relaxation-time spectrum. 
These proofs are, however, mathematically beyond the scope of this book. 

From the above it follows that, if we can determine the creep compliance 
of the series model in terms of its retardation-time spectrum, then, since 
this can be transposed to the equivalent relaxation-time spectrum, we will 
have expressed the visco-elastic response to this history in terms of the same 
information as that used to describe the other histories. 

The differential equation giving the response of a Kelvin model to any 
stress history can be easily derived: 


Df = x + Adx/dt (7-22) 


where D is the reciprocal of the spring stiffness. Since the tension in each of a 
string of elements in series must be the same, it follows that, if a constant 
tension is imposed on the model (as in a creep experiment), then the tension 
in each element must also be constant. Thus, if Eqn. (7-22) represents a 
single element in a model subjected to creep, it becomes 


dx,/dt = (Dif — x1)/A 
and, since f is constant, this can be integrated to give 
y= Di ft — exp (—t/A,)] 
+ The symbol A is the one most generally used for retardation time. It has, however, 


already been used in this book for one of the Lamé constants. Confusion need not arise, 
since retardation times will only be mentioned in the present chapter, in which the Lame 


constants do not appear at all. 
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The constant of integration was eliminated using the fact that the stress was 
applied at zero time, producing zero extension. 

Consider now the elements having retardation times between A and 4 + dA. 
Their total extension will be the sum of their separate extensions, the tension 
in each will be the same, and their retardation times can be considered the 
same. Thus, the contribution of these models to the total extension is given 
by 

dx = fD(A)[l — exp (—t/A)] da 


and the total extension by 


< = [Ds +] Dat Sern aa| 
where D, is the compliance of the isolated spring. The creep compliance is 
therefore 
Da= Dy +/ D(A)[1 — exp (—t/A)] dd (7-23) 
Equations (7-19), (7-21), and (7-23) give the stress-relaxation modulus, 


in-phase and out-of-phase moduli, and creep compliance in terms of the 
relaxation-time or retardation-time spectra. Thus, if these spectra are known, 
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Fig. 7-13. Relaxation-time spectra for various materials 
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the responses can be calculated. Conversely, from the experimentally 
measured responses, the spectra can be determined, although the mathe- 
matics of the calculation are beyond the scope of this book. Hence, from 
each of the experimentally determined responses, the spectra can be calculated 
and compared. If they are identical we can say that this method provides a 
valid means of describing the visco-elastic properties of a material, since 
the one spectrum will then correctly predict the response of the material to 
any given history. 

Materials have been studied in this way, and the results of these experiments 
show that the method is, in fact, valid. Examples of spectra are given in 
Fig. 7-13. 

In this figure, the relaxation spectra have been plotted in a slightly different 
form from that defined earlier. The term E(7) dt was defined as the contri- 
bution to the stiffness due to elements with relaxation times between 7 and 
7 +dr. An alternative is the quantity H(log, 7) d(log, 7), which is defined 
as the contribution to the stiffness due to elements with relaxation times 
whose logarithms lie between log, 7 and log, 7 + d(log, 7). This is often a 
more convenient form in which to express the spectra and can easily be 
related to the other form. 

H(log, 7) d(log, 7) is the area under a curve of H(log, 7) against log, 7, 
between the ordinates log, 7 and log, 7 + d(log, 7). 

From the definition given, this must be equal to the area under a curve of 
E(r) against 7 between the same values of 7. Hence, since 


d(log, 7) = dr/r 


when log, 7 increases by d(log, 7), 7 must increase in value by 7 d(log, 7), 
and therefore 


H(log, 7) d(log, 7) = 7E(r7) d(log, 7) 
or H(log, 7) = 7E(z) 


Mechanical models have been used to develop the ideas presented in this 
and the preceding sections. However, it is important to realize that they are 
merely devices which have enabled us to derive Eqns. (7-19), (7-21), and 
(7-23). These equations, together with the relaxation-time or retardation- 
time spectra, describe the stress-strain-time response of a visco-elastic 
material. The equations and spectra are purely descriptions; they tell us 
nothing about the molecular origins of visco-elastic phenomena. The 
models have no significance other than that stated above; there is no 
analogy between the elements of material and the springs and dashpots of 
the models. It is, indeed, preferable now to think in terms of the equations 
and spectra rather than the models. 
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7-5 The superposition principle 

Visco-elastic properties can be described by means other than relaxation and 
retardation-time spectra. An alternative approach is due to Boltzmann. 
Suppose at some instant of time, ¢,, a stress Ao, is instantaneously applied 
to a material. If stress and strain are linearly related, this stress causes a 
proportional instantaneous strain. This strain changes with time, so that at 
any subsequent instant of time, f, it is proportional to the stress Mo, and 
dependent on some function of the elapsed time t — t,, i.e., the strain Ae, 
at time ¢ due to a stress Jo, applied at time ¢, is given by 


Ae, = $(t — t,) Ao, 


The term ¢(t¢ — t,) is some function of the elapsed time which represents the 
‘memory’ a material has at time ¢ of some event which occurred at time 4. 
It is therefore called a memory function. Suppose now that, at some later 
instant ¢, a further stress increment Ao, is applied. Had the first stress not 
been applied, by the same argument as previously, the strain at time f 
would have been given by 


Ae, = $(t — ty) Ao, 


Now assume that the increment in strain due to the second increment of 
stress is independent of the strain already existing in the material. Further, 
let us assume that the memory of a stress increment is unaffected by the 
application of any subsequent stress. The strain at time t due to both stress 
increments is then given by 


Ae = $(t — t,) Ao, + P(t — tp) Ao, 


Since these assumptions imply that the response of a material to a complicated 
stress history is the sum of its responses to small parts of that history when 
each part is applied separately, they form the principle of superposition. 

If a large number of stress increments is applied at different times, we get 
the equation 


= 


Oe = P(t — ty) Ao(t,) 


1=— 00 


where Ao(t,) is the stress increment applied at time ¢,. Suppose now that the 
material is subjected to a continuous stress history, and that between times 
t, and t, + At, the stress increases from o to o + Ao. Then the equation 


Ao(t,) = (do/dt), At, : 


is obtained, where the suffix t, denotes that (do/dr) is evaluated at time f,. 
Substituting above, and letting At, become infinitesimal, gives 


e, = [ $(t — ty)(do/dt),, dt, (7-24) 
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This equation expresses the strain e at any time f in terms of the stress 
history, (do/dt),,, and a memory function, 4(t — ¢,), which characterizes 
the visco-elastic properties of the material. As an example of its application, 
suppose a creep experiment is performed in which a stress o, is instantaneously 
applied at t = 0. The stress history is then described by the equations 


—-o<t<0 o=0 do/dt = 0 
eet < To. do/dt = 0 


Hence, the integral in Eqn. (7-24) must be zero at all values of ¢, except the 
infinitesimal period at t; = 0, during which the stress is increased from 0 to 
6. If this infinitesimal period is denoted by d?,, substitution in Eqn. (7-24) 
gives 


dt1 
= $O| old), dt, = o6(0) 
Thus the creep compliance D, is given by 
De = €[00 = $(t) (7-25) 


showing that the memory function, ¢(t), can be obtained directly from a 
creep experiment. 

Now suppose that at a later instant of time, ¢f = f,, the stress o is instan- 
taneously removed. The stress history is then described by the equations 


=O. << 0 o=0 do/dt = 0 
Oicei-< 1, C= Oy do/dt = 0 
pre sheer a =0 do/dt = 0 


If these conditions are substituted in Eqn. (7-24), the integral will be zero 
at all times except ¢, = 0, and 4, = 7#,. As before, when ¢, = 0, its value is 
ooP(t), and similarly, when t, = f,, its value is —o,f(t — ¢,). Thus «, is 
given by 

E109 = P(t) — P(t — ta) (7-26) 


This equation is illustrated in Fig. 7-14. Had a creep experiment been 
performed, the curve OFADB would have been obtained. Suppose that, 
after performing such an experiment, we allow the material to recover, and 
repeat the experiment, except that we remove the load at time ¢,. The curve 
OFAEC will then be obtained, and at time f¢, ¢,/0) = EG, and ¢(t) = DG. 
Thus ¢(t — t,) = DE. However, from Eqn. (7-25), curve OFADB is a 
plot of ¢(¢) against time, and ¢(¢ — /,) is the ordinate of this curve at time 
t —t,. Thus FH = ¢(¢ — ¢,) and so DE = FH. It is therefore possible to 
predict the creep recovery from the creep curve. This prediction can then 
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£,/Bo 


Fig. 7-14 Superposition principle 


be tested experimentally, thus testing the principle of superposition experi- 
mentally. Many tests of this nature support the validity of this principle. 

A series model will also conform to the principle of superposition. We 
have already derived the equations 


xy =D,f[l — exp (—t/A,)] 
and dx/dt = (Dif — x)/A1 


for a single Kelvin element, subjected to a constant tension f at zero time 
(Section 7-4). If at ¢ = ¢, the tension, /, is removed, these equations become 


Mine Dy fll — exp (—#,/A,)] (7-27a) 
dx/dt = —x,/A, (Le) (7-27b) 


where x, is the extension at time ¢,. Solving Eqn. (7-27b), and using Eqn. 
(7-27a) to remove the constant of integration, gives 


i= D,flexp (CALS) — 1] exp (—t/A,) 
which may be written 
x,/D,f = [1 — exp (—?#/A,)] — {1 — exp [—(¢ — ta)[Ai]} 


whence, for a series model, 


aif = i * D(ALL — exp (—1/)] da — { * D(Ay{ — exp [—(t — t,)/A]} a 


This equation is of exactly the same form as Eqn. (7-26) and can be interpreted 
in the same way, using Fig. 7-14. It therefore follows that the two methods 
of representing visco-elastic behaviour are equivalent, and, by comparing 
Eqns. (7-25) and (7-23), 
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igies ie i “D(AIL — exp (—1/a)] dA 


This enables us to determine the memory function from the retardation-time 
spectrum. 

Instead of considering the strain in terms of the stress history, as we did 
to obtain Eqn. (7-24), we could consider the stress in terms of the strain 
history, giving 


t 
o.=| y(t 1)(de/dr),, dt 
where y(t — t,) is another menfory function related to 4(t — 1,). 


7-6 Assumption of linear behaviour 

In representing the properties of visco-elastic materials with mechanical 
models, we used /inear springs and dashpots. Similarly, when applying the 
principle of superposition, we assumed that a stress increment produced the 
same effect whatever the existing stress, which implies /inear behaviour. 
Thus we have assumed that the stress—strain-time responses are /inear, 
and consequently the theory which has been developed is called the theory 
of linear visco-elasticity. 

The linear nature of the relationships are exemplified by the fact that the 
creep compliance and stress-relaxation moduli at a given time are constants 
independent of the stress or strain. Similarly, the in-phase and out-of-phase 
moduli at a given frequency are constants independent of the stress or strain. 
Had we calculated the stress as a function of strain when the material was 
extended at a constant rate, and drawn a curve, each point of which was 
determined at the same time after commencement of extension, we would have 
a straight line graph. (Such a curve could not, of course, be obtained by 
direct experiment, and is known as the isochronal stress-strain curve.) 

This assumption of linearity in a visco-elastic material is equivalent to the 
assumption of Hooke’s law in a perfectly elastic material. It is obeyed for 
real materials only at very small strains, and hence the theory developed in 
this chapter is applicable to real materials only at infinitesimal strain. 


7-7 Worked example 
The rubber whose relaxation-time spectrum is given in Fig. 7-13 is subjected 
to a stress-relaxation experiment. Determine its stress-relaxation modulus 
1s after applying the strain. 

The stress-relaxation modulus is given by Eqn. (7-19) in terms of E(7), 
whereas Fig. 7-13 gives the relaxation-time spectrum on a logarithmic scale. 
However, H(log, 7) d(log, 7) is the contribution to the rigidity from elements 
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with relaxation times whose logarithms lie in the range log, 7 to loge 7 + 
d(log, t). Hence the equation 


Ee =a Ey +| Hoe, T) exp (—t/7) d(log, 7) (7-28) 


can be obtained, in the same way as Eqn. (7-19). 

Figure 7-10 shows a curve of exp (—x) plotted against logy) (x), from 
which values of exp (—1#/7) can be determined at different values of log, 7(¢ = 
1). Multiplying each of these by H(log, 7) at the same value of logio T 
(obtained from Fig. 7-13) gives the curve shown in Fig. 7-15. The integral 


10 aT 


H(log,t) exp(—1/z) in 10* dyn/cm? 
pas 


—1 0 1 2 3 4 5 6 
10g 17 


Fig. 7-15 | Worked example 7-7 


in Eqn. (7-28) is the area under this curve between the ordinates — oo and 
+ oo. It is clear from Fig. 7-15 that the major contribution to the modulus 
comes from relaxation times greater than the experimental time, and that 
(since for these relaxation times exp (—t/7) ~ 1), unless H(log, 7) decreases 
sharply with increasing log,) 7 in this range, knowledge of the relaxation 
spectrum over very many decades of + will be necessary. In fact, Fig. 7-15 
shows that there is a considerable contribution to the integral from relaxation 
times greater than those given in Fig. 7-13, and so the problem cannot be 
solved. The value of E; and whether or not it is significant compared with the 
value of the integral is also uncertain. 

A similar difficulty would have been experienced had the calculation of E’ at 
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avalue of m ~ 1 been attempted. However, since wr/(1 + w?7?) approaches 
zero at high as well as low 7, E” could be determined from knowledge of the 
relaxation spectrum over a much narrower range. 


7-8 Summary 

(i) If a stress is applied to a visco-elastic material there is an instantaneous 
strain. If the stress is held constant the strain increases with time. When 
the stress is removed, the strain instantaneously falls by an amount equal 
to the initial strain. The residual strain decreases with increasing time 
(Section 7-2). 

(ii) If a strain is applied to a visco-elastic material, a stress is instan- 
taneously developed. If the strain is held constant, the stress decreases with 
increasing time. When the strain is reduced to zero, the stress falls by an 
amount equal to that instantaneously developed, and so a negative stress is 
developed. This approaches zero with increasing time (Section 7-2). 

(iii) If a stress which varies sinusoidally with time is applied to a visco- 
elastic material, the strain also varies sinusoidally with time, but is out of 
phase with the stress. The ratio of stress amplitude to strain amplitude, and 
the phase angle, both depend upon the frequency of oscillation of the 
applied stress (Section 7-2). 

(iv) Qualitatively similar behaviour to that described in (1) to (ili) above is 
demonstrated by a model consisting of a spring and dashpot in series (a 
Maxwell element), this element being in parallel with a spring (Section 
7-3-3). This model will not, however, quantitatively reproduce the behaviour 
of a real material (Section 7-3-3). 

(v) To reproduce the behaviour of a material quantitatively, it is necessary 
to construct a model consisting of an infinite number of Maxwell elements in 
parallel (a Wiechert model), the relaxation time (the ratio of the viscous 
coefficient of the dashpot to the stiffness of the spring) of each element 
differing infinitesimally from its neighbours. If elements having relaxation 
times between 7 and 7 + dz contribute E(r) dr to the total spring stiffness, 
the relation between E(7) and 7 is called the relaxation-time spectrum 
(Section 7-3-4). 

(vi) If a relaxation-time spectrum is determined such that the Wiechert 
model responds quantitatively the same as a given visco-elastic material to 
one history, then it will respond quantitatively the same to any other history, 
and so the visco-elastic properties of a material may be described in terms of 
this model and the relaxation-time spectrum (Section 7-3-4). 

(vii) It is difficult to calculate the response to some stress histories in 
terms of this model, and for these a model is considered which is made up of 
Kelvin elements in series. A Kelvin element comprises a spring and dashpot 
in parallel (Section 7-3-2), and is characterized by its retardation time (the 
ratio of viscous coefficient to stiffness). If elements having retardation times 
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between A and A + dd contribute D(A) dA to the total spring compliance of 
the model, the retardation-time spectrum is the relationship between D(A) 
and 4. For any retardation-time spectrum it is possible to determine the 
relaxation-time spectrum of a Wiechert model which would demonstrate 
identical visco-elastic behaviour (Section 7-4). 

(viii) Models are only a means to a mathematical description of a material’s 
properties. They have no relationship to the molecular mechanism responsible 
for the properties (Section 7-4). 

(ix) The visco-elastic properties of a material may be described using a 
different, but equivalent, method due to Boltzmann (Section 7-5). 


EXERCISES 


7-1 A visco-elastic model consists of a Kelvin element having a spring of stiffness 
E, and retardation time / in series with a spring of modulus Ej. Show that it will 
have the same curve of creep compliance against time as the model illustrated in 
Fig. 7-8 if 


Ey a Ey te Ey E3 = Ey, + E,)/E, A => 7(E, + E,)/E; 


7-2 A Wiechert model is extended at a constant rate of extension. Show that if 
x, and ¢ are related by the equation 


raecol — exp (-+)] dr 


7-3 Show that the in-phase and out-of-phase moduli of a three-element model 
subjected to sinusoidally varying strain are given by 


oF = E, + E,w*7?/(1 + w*7) 
E’ = Eyor|(1 + wo?) 


Show (a) that E” is a maximum when = 1/7; (b) that at this frequency the loss 
factor is given by 


and (c) that the slope of the curve of loss factor against is negative at this point. 


8 


Relationship between mechanical 
properties and molecular structure 


8-1 Introduction 

The preceding chapters have dealt with methods of describing relationships 
between the forces acting on solid bodies and the resulting deformations. 
A description of the main features of these relationships for typical materials 
has also been given. We saw that crystalline materials deform elastically 
at very small strains (~0-:002), and plastically at greater strains. Inorganic 
glasses, which are non-crystalline, show similar elastic behaviour, but break 
before plastic deformation occurs. Rubbers deform elastically up to very 
large strains; while their bulk moduli are of a similar magnitude to those 
of crystalline materials, their shear moduli are smaller by a factor of about 
10~*. Polymeric glasses behave like inorganic glasses, and semicrystalline 
polymers like crystalline materials, except that all polymers are markedly 
more visco-elastic in shear than materials of low molecular weight. In this 
chapter we discuss the structure of these materials at a molecular level and 
relate their behaviour to this structure in a qualitative way. 


8-2 Binding forces 

Suppose two molecules in the gaseous state approach one another. Since, 
in an ideal gas, molecules interact only on collision, repelling each other, the 
forces between them will be as shown in curve | of Fig. 8-1(a). However, 
real gases differ in behaviour from the ideal, particularly at high compression. 
At very high compression the pressure rises above the ideal gas value. We 
would expect this because, under these conditions, the molecules are so 
close together that the repulsive forces shown in curve 1 of Fig. 8-1(a) are 
taking effect. At slightly lower compressions, however, the opposite occurs— 
the pressure falls below the ideal gas value. Hence, the forces shown in 
curve 2 of Fig. 8-1(a) must also be acting. 

The net effect of both of these forces is shown in Fig. 8-1(b), from which 
we see that at a separation a, there is zero force between the two molecules. 
We can express the same idea more conveniently in terms of energy. 

Suppose two molecules are separated by a distance a, where a > dp. 
From Fig. 8-1(b), an attractive force exists between them and, to maintain 
the separation a, some external agency must hold them apart. Ifthe molecules 
are now allowed to approach one another they must do work on this external 
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agency; this work is derived from their own potential energy which will 
therefore decrease. Thus, the potential energy of the molecules is a function 
of their distance apart, and, from the above reasoning, we can calculate 
changes in this potential energy as separation changes; we cannot, however, 
express an absolute value for it. We avoid this difficulty by choosing an 


Attraction 


Force 


(a) 


Distance apart 


Repulsion 


Attraction 


Force (b) 


Distance apart 


Repulsion 


Distance apart 


Fig. 8-1 Force of interaction between atoms 


arbitrary separation and give the potential energy an arbitrary value at this 
separation. In fact, we take the potential energy between two molecules at 
infinite separation as zero. On this basis then, we define the energy of 
interaction of two molecules at a distance a apart [¢(a)] as thir potential 
energy at this separation. In Fig. 8-1(c), ¢(a) is plotted against a. 

From this figure, we see that at a > ao, #(a) is negative. This is because 
attractive forces operate at this separation, pulling the molecules together, 
and so reducing their potential energy (which we have said is zero at infinite 
separation). When a < ag, repulsive forces act between the molecules and 
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so work must be done on them to decrease this separation further, thus 
increasing their potential energy. Thus, 4(a) has a minimum value ¢, at 
a =, and since any system tends to adopt the state of least potential 
energy, we would expect the molecules to assume this equilibrium separation. 

However, in the above discussion we have only considered the potential 
energy of the molecules, and neglected their kinetic energy. Suppose that 
when the separation is a) the molecules are moving apart. Their kinetic 
energy will be transformed to potential energy in overcoming the attractive 
forces between them, or, in other words, their speed of separation will 
decrease. If they are brought to rest before the force of attraction falls to 
zero, they will remain in association. If, however, their kinetic energy is 
great enough, they will still be moving apart when this force is zero and they 
will escape from each other’s influence, i.e., they will dissociate. For this 
to occur, their kinetic energy at a = ay must be greater than dy. 

The kinetic energy of the molecules of a gas decreases with decreasing 
temperature and, to be in a gaseous state, the molecules must be dissociated. 
Hence, if the gas is cooled, a temperature will be reached at which the mean 
kinetic energy of the molecules falls below ¢). Molecules coming together 
will then remain in association at a separation dp, i.e., the gas will condense. 
Conversely, when a solid is heated (i.e., the kinetic energy of its molecules is 
increased), it dissociates into a gas when the molecules have gained an 
energy of ¢). The quantity ¢ is therefore the energy of dissociation, or 
binding energy. It is given approximately by the latent heat of sublimation. 

It is important to realize that all the molecules in a solid do not have the 
same, constant, energy. As in a gas, the energy of any given molecule 
fluctuates randomly with time, and there is a certain probability that it will 
have a given energy at a particular time. Thus, at any temperature, there is a 
probability that a molecule will dissociate from the solid, and it is this 
probability that increases with temperature. 

It follows from the above argument that a gas should condense into a 
crystalline solid. If two molecules approach each other and remain in 
association, they take up the positions of lowest energy relative to each other. 
This pair will have potential minima at various positions around it, and other 
molecules which become associated with the pair will settle in these positions. 
Each time a molecule is added to the cluster it settles in a potential minimum 
and creates new potential minima into which other molecules can settle. 
In this way, a regular, repeating, crystalline pattern of molecules is built up. 

If such a solid is deformed dilatationally, the distance between the mole- 
cules is increased. Thus, they must be moved to positions of higher energy 
and so work must be done (i.e., a force must act) on the material. When the 
force is released, the molecules move back to their equilibrium positions 
(i.e., the deformation will have been elastic). Since the time scale of these 
molecular movements is likely to be very small, visco-elastic effects are not 


206 MECHANICAL PROPERTIES AND MOLECULAR STRUCTURE 


likely to be appreciable, and so the deformation will be perfectly elastic. 
Since the work done in deforming the material is completely recoverable, 
it is equal to the stored elastic energy. This energy is therefore stored by 
increasing the energy of interaction (or, in thermodynamical terms, the 
internal energy) of the molecules. 

If the solid is deformed deviatorically, the distance between the molecules 
remains the same, but neighbouring sheets slide relative to each other, as 
shown in Fig. 2-17. Thus, relative movement between molecules occurs at 
right angles to the line along which ¢(a) is measured in Fig. 8-1(c). Since 
movement in this direction again raises a molecule from a potential minimum, 
this type of deformation will show similar elastic characteristics to dilatation. 
Now, the molecules lying in a sheet occur at regular positions in a pattern, 
and so the energy of interaction between this sheet and a molecule lying in 
an adjacent sheet will also show a regular pattern, i.e., the surface representing 
this energy resembles an egg-box, and molecules lie in the positions occupied 
by the eggs. Hence, if deviatoric deformation is allowed to continue until 
the molecules in a sheet pass through the potential energy maxima separating 
adjacent minima, they will settle in new equilibrium positions rather than 
return to their original ones. In other words, plastic deformation occurs. 

Hence, by considering the deformation of a crystalline solid in terms of the 
energy of interaction between its molecules, we can explain the major 
experimentally observed features. 


8-3 Relationship between binding energy and elastic moduli 
From Fig. 8-1(c), when the force f acting on a crystalline solid is zero, the 
equilibrium spacing of its atoms is a). If fis not zero, but of such a value 
that the atoms are given a small} displacement u, their separation becoming 
u + do, then 
dg(u) 
j du 


where ¢(u) is the energy of interaction at the displacement u. Since 4(u) 
is a continuous function, it can be expressed as the Taylor series 


p(u) = do + (; aap + cae + higher terms (8-1) 


where ¢, and all the differential coefficients are measured at u = 0. Since 
the energy of interaction is a minimum when the atoms are separated by the 
distance ay (at which u = 0), ¢(u) is a minimum at u = 0, and so 


t The word ‘small’ is used to mean small compared with ag, not small in absolute terms. 
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Also, for small displacements, third and higher order terms in u can be 
neglected compared with u?. Thus Eqn. (8-1) becomes 


$(u) = $y + ale 


du*), 2 
and Ta “ey 2 fae (8-2) 


Since (d*4/du*), is the rate of change of slope of the 6 — wcurve at ¢ = 0, 
it is a constant, and so 
fou 


which is Hooke’s law. If Eqn. (8-2) had been expressed in terms of stresses 
and strains instead of forces and displacements, (d?¢/du?), would have been 
an elastic modulus. Thus the elastic modulus of a crystalline material is 
related to the sharpness of the minimum in the curve of energy of interaction 
against atomic separation. 

To calculate the elastic moduli from Eqn. (8-2), we need to know the 
quantitative relationship between ¢ and wu along the direction in which 
separation occurs during deformation. Also, since each atom is surrounded 
by other atoms (it does not have only one neighbour as visualized in the 
preceding discussion), we must know the energy of interaction with each of 
these nearest neighbours, and with more distant atoms within the range of its 
forces. The energies of interaction required for this calculation are known 
for very few crystalline materials, but when they are known, good agreement 
with experimental values is obtained. 


8-4 Yield strength of crystals 
It is possible to estimate the yield strength of a crystal in terms of its shear 
modulus, and we can do this most easily using a calculation due to Frenkel. 
In Fig. 8-2(a), the line AB represents one plane of atoms, and the line CD 
represents an adjacent plane in the crystal. Suppose one atom is moved 
along the line CD in this plane, i.e., a shear deformation is applied to the 
crystal. In Fig. 8-2(b) a graph is plotted of the energy of interaction of this 
atom, (x), against its displacement, x, from its initial position, E. Suppose 
E is an equilibrium position of the atom, then the energy is a minimum at 
this point. From the shear modulus, we know the rate of change of slope of 
the curve of ¢(x) against x at this minimum, so we can draw the portion HJ 
of the curve. When the atom is at the point F it is in an identical crystallo- 
graphic position and so we can draw the portion of the curve KL, which 
must be identical with HJ. Similarly, the portion MN is identical with HJ 
and KL. The curve (x) against x must therefore be a periodically repeating 
function, with a period equal to 4, the crystal spacing. 


208 MECHANICAL PROPERTIES AND MOLECULAR STRUCTURE 


(b) 


(c) 


Fig. 8-2. Force acting on atom during shear deformation 


We cannot know the nature of this function without detailed knowledge 
of the binding forces; we can only calculate the portions at the minima 
knowing the modulus. However, for a rough estimation, we can assume any 
periodic function applies; all such functions will give results of the same 
order of magnitude. Therefore, let us assume that 


dipayes Siiees | (8-3) 
This gives ¢(x) equal to —K at x = 0, b, 26, etc., which meets the require- 


ments of Fig. 8-2(b). 
If fis the force which must be applied to the atom to hold it in equilibrium 


against the binding forces at a displacement x, then \ 
_ dg(x) 
y dx 
and, from Eqn. (8-3), 
a 20K |. 28x 
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2) Sen 
or f= K,sin os (8-4) 


and so the force varies with displacement according to the curve shown in 
Fig. 8-2(c). From this curve, we see that at a displacement x, the force has a 
maximum value f;, and that further displacement causes f to decrease, i.e., 
yielding occurs. Thus, the force required to cause a single atom to yield is 
this maximum /,, which is equal to K,. Therefore, if we can express K, in 
terms of the shear modulus, we will obtain an expression relating this 
modulus to the yield strength. 

However, Eqn. (8-4) relates forces to displacements, whereas the yield 
strength is a stress, and the modulus relates stresses to strains. We must 
therefore change Eqn. (8-4) into a stress-strain relationship. From the 
definition given in Chapter 2 for small strain, the angle of shear, y, is given by 


y = x/a 


To change force to stress, we need first to determine the force required to 
displace every atom in the sheet CD instead of the single atom we have been 
considering so far. We obtain this force, f’, by multiplying f by the number 
of atoms in the sheet. If we now divide f’ by the area of the sheet, we get the 
shear stress o acting on the crystal. These two operations affect only the 
value of K, in Eqn. (8-4); so we can rewrite this equation as 


2ray 


G@ = Ks sin (8-5) 
where K, is now the yield stress of the crystal. 

Equation (8-5) gives the curve of shear stress against angle of shear; 
the shear modulus, yw, is the slope of this curve at y = 0. Since 


dy b b 
27aK, 
ee 
and the yield stress, K, is given by 
bb 
Ona 


It is true that, because of the assumptions we made in arriving at this result, 
it is unlikely to be a correct numerical prediction of the yield stress. However, 
the error is unlikely to be more than one order of magnitude and so, since 
a and b are of the same order of magnitude, we would expect the yield 
stress to be smaller than the shear modulus by a factor of 10, approximately. 
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Experimental measurements of the shear modulus and the yield stress 
have been made for a large number of crystalline materials. For all of these, 
the yield stress is about 10~4 of the shear modulus, i.e., about one-thousandth 
of the value predicted above. 

In the calculation we assumed that during elastic shear all the atoms were 
displaced simultaneously by an identical amount. Similarly, we assumed 
that, when yielding occurred, all the atoms simultaneously jumped into their 
new positions. If, instead of all the atoms moving simultaneously during 
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Fig. 8-3 Edge dislocation in a crystal 


yielding, only a few moved at a time, this would greatly reduce the yield 
strength and could account for the large discrepancy between the predicted 
and observed values. However, if a crystal is perfect, i.e., every site is 
occupied by an atom, and none are anywhere else, this cannot occur. Before 
yielding can take place by the movement of a few atoms at a time, imper- 
fections must exist in the crystal. 

Consider, for example, the crystalline material illustrated in Fig. 8-3. 
(This diagram represents a cross section of the material in the plane of the 
paper; similar sheets of atoms exist above and below this plane.) The row of 
atoms AB (or plane in the three-dimensional block) terminates half-way 
down the crystal and can be regarded as an additional plane which has been 
inserted. This strains the lattice on either side, and around its termination B. 
Suppose now a shear stress is applied in the direction of the arrows. The 
atom at D jumps so that CDBA becomes a crystal plane, instead of CDEF, 
and EF becomes the inserted plane. (Since the crystal is three-dimensional, 
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it is a row of atoms, not a single atom, which has moved.) Yielding thus 
occurs by the movement of a few atoms at a time, and the yield stress is 
many times smaller than that predicted for a perfect crystal. 

The crystal fault illustrated in Fig. 8-3 is an edge dislocation. Other types 
of dislocation are also possible, and the plastic behaviour of crystals has 
been successfully interpreted in terms of the movement of these dislocations. 
This movement has also been observed directly by electron microscopy. 


8-5 Structure and properties of inorganic glasses 


From the discussion in Section 8-2, we would expect all substances condensing 
from the gaseous or liquid to the solid phase to crystallize. An inorganic 
glass is, however, amorphous, and so its failure to crystallize must be 
explained. 

When a substance is crystallizing, atoms move relative to their neighbours 
until they are located on a crystal lattice site. The rate at which crystalliza- 
tion proceeds depends, therefore, upon the rate at which atoms find these 
sites. If they can move easily among their neighbours they will quickly find a 
suitable site and crystallization will proceed rapidly. If, on the other hand, 
their movement is hindered, crystallization will be an extremely slow process. 
In order for an atom to move relative to its neighbours, it must have sufficient 
thermal energy to overcome the binding forces, and at the same time there 
must be a suitable space for it to move into. Ina glass, the probability of the 
simultaneous occurrence of these two events is small because firstly, the 
binding forces are large, and secondly, the molecules are large and irregularly 
shaped. Hence, the probability of a molecule finding a crystal lattice site is 
small. 

As a material is cooled, its molecules lose thermal energy, and, because of 
thermal contraction, there is less space into which they can move. Hence, 
cooling reduces the probability of molecular movement, and temperatures 
can be reached at which this movement occurs infrequently during the time 
of an experiment. At these temperatures the material exhibits the mechanical 
properties of a solid rather than those of a liquid. If the rate of cooling is 
such that these temperatures are reached before the molecules have had time 
to find crystal lattice sites, then the substance solidifies in the amorphous 
state, i.e., it becomes a glass. One might expect a lower rate of cooling to 
lead to crystallization. This is true but cooling rates measured in fractions 
of a degree per century would be necessary to produce a crystalline solid 
from common glasses. 

Clearly, then, the molecules in a glass, though not on crystal lattice sites, 
are held in position by binding forces in the same way as the molecules of a 
crystalline material. Deformation occurs, therefore, by the displacement of 
the molecules against these forces, and so the elastic properties of glasses are 
similar to those of crystalline materials. To exhibit plastic deformation, the 
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molecules of a glass must completely overcome these binding forces and move 
to new sites. However, in glassy material the probability of such movement 
is very small, and while it is increased by the application of a force, this 
increase is sufficient to permit measurable plastic deformation only when the 
applied forces are large enough to fracture the material. Hence glasses 
fracture before yielding, i.e., they are brittle. 


8-6 Origin of elastic forces in rubber 

Rubber is an amorphous solid, and so might be expected to show similar 
elastic behaviour to glass. But, as we have seen, its behaviour is very different. 
Its shear modulus is smaller by a factor of about 10* (although its bulk 
modulus is of a similar magnitude), and, whereas a glass can be extended to a 
strain of only a small fraction of one per cent, a rubber can be extended 
elastically to several times its unstrained length. 

If the deformation of a rubber in shear occurred by the displacement of 
atoms against binding forces, its shear modulus would be of a similar 
magnitude to that of crystals and glasses (as is its bulk modulus). Also, it 
would be unlikely to recover its original state from large deformation, since 
such deformation would move an atom through several interatomic spacings. 
The binding forces with its new neighbours would then be likely to make it 
settle in a new equilibrium position, causing permanent deformation. Clearly, 
then, the elastic forces resisting shear deformation of a rubber cannot arise 
from the displacement of atoms against binding forces. 

We can show this by a further experiment. If a crystalline or glassy 
material is heated, its shear modulus decreases with increasing temperature. 
If, however, a rubber is heated, its shear modulus increases with increasing 
temperature. In fact, it is directly proportional to the absolute temperature 
(as is the pressure of an ideal gas). This suggests that the origin of elastic 
forces in a rubber is more akin to the origin of pressure in a gas than to the 
origin of elastic forces in crystals and glasses. As we will see shortly, this is, 
in fact, true. 

Since elastic forces in a rubber do not arise because the atoms are displaced 
against binding forces, it follows that these atoms are likely to have a thermal 
energy greater than 4 [Fig. 8-1(c)]. This being so, we would expect them 
to move freely relative to their neighbours, and we would expect the material 
to have the properties of a liquid. Unvulcanized rubber, however, more 
closely resembles a solid; it can be made to flow as a liquid, but it is so 
extremely viscous that this property is not readily demonstrated.’ The high 
viscosity arises because the molecules consist of long chains of atoms. 
For unvulcanized rubber to flow as a liquid, entire chains must be displaced 
relative to neighbouring chains. This requires the co-operative movement of 
all the atoms in a chain and such movement is less likely to occur than the 
movement of inividual atoms. 
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Its behaviour as a very viscous liquid is changed by the process of vulcaniza- 
tion. In this process, molecules are ‘tied’ together chemically (cross-linked) 
at a few points along their length. The cross-links prevent the relative 
movement of entire molecuics, but do not hinder the movement of short 
segments, so they change the material from a very viscous liquid into an 
elastic solid. 

Thus, we visualize rubber as an assembly of long chain molecules, linked 
together at a few points along their lengths. Between these cross-links are 
lengths of chain, the atoms of which have sufficient thermal energy to move 
relative to their neighbours, provided, of course, that in so doing they do not 
disrupt the chain structure. We can now explain the elastic properties of 
rubber by reference to the model shown in Fig. 8-4. The posts A and B 


Fig. 8-4 


represent cross-links, and the cord linking them represents the rubber 
molecule. The cord is in transverse oscillation (representing the movement of 
the molecule due to its thermal energy), which causes an inward force to act 
at the posts. If the energy of oscillation is increased (which is equivalent to 
increasing the temperature of the rubber), the inward force increases. The 
posts A and B can be moved a considerable distance apart against the 
inward force, i.e., large elastic deformations can occur, but these do not alter 
the energy of oscillation (or, in a rubber, the thermodynamic internal 
energy). If the posts are gradually moved farther apart, the force resisting 
further separation will increase greatly at the instant the cord is fully extended. 
This increase represents the difference between the shear modulus of the 
rubber and the value it would have if it were caused by binding forces. 
The model can be made more realistic. Consider an isolated molecule 
whose shape, or configuration, is continually changing due to its thermal 
energy. As it assumes different configurations, so the length of the vector 
joining its ends, or its end-to-end length, varies. However, several different 
configurations will give the same value of end-to-end length, and a graph 
can be plotted of end-to-end length against the number of different configura- 
tions which will give this length. The form of this graph is shown in Fig. 8-5. 
Suppose now, a segment of the molecule is held with its ends at a fixed 
distance / apart (as they would be at cross-links). Because of its thermal 
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energy, the segment has a tendency, sometimes to assume a greater end-to- 
end length (i.e., to push the cross-links apart), and at other times to assume 
a shorter end-to-end length (i.e., to pull the cross-links together). From Fig. 
8-5, it is clear that in this case the tendency to pull the cross-links together 
predominates (because the configurations with end-to-end length less than / 
are more numerous than those with end-to-end length greater than /), so 
there is a net tension between the cross-links. If the separation / was increased, 
the tendency to pull the cross-links together would be greater, and the net 


No. of configurations 


L 3 


Fig. 8-5 Number of configurations of given length for long chain molecule 


> 
End-to-end length 


tension would increase. Conversely, if the separation was reduced, the net 
tension would decrease until it reached zero, at a value of / such that the 
tendencies towards tension and compression balanced. 

As in the simplified model, increase in temperature would increase the 
tension at a given separation; the work done in deforming the material 
isothermally would not change its internal energy (again, as with an ideal 
gas); and provided the distance between the cross-links was short compared 
with the length of the molecule joining them, large elastic deformations 
would be possible. 

The above discussion shows that the elastic forces resisting deformation 
of rubbers arise because of the thermal motion of the molecules. The 
pressure in a gas is also caused by the thermal motion of its molecules and 
so, Clearly, both of these phenomena have the same cause. This explains the 
similarities between them that we have already noted. 

Whereas all rubbers closely approach the model described, none conform 
to it exactly, and so a hypothetical material which does so is defined as an 
ideal rubber. It is possible to calculate the equation of the curve in Fig. 8-5; 
it has the same form as that for the distribution function of the velocities 
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of the molecules of an ideal gas. From this equation, one can determine the 
force-extension relationship, and this is how Eqn. (6-1) was obtained. 

In changing their configuration, the molecular chains are moving in a 
crowded environment. If the distance between cross-links is altered therefore 
(as during deformation), the molecules will take some time to assume 
configurations represented by Fig. 8-5. We would, therefore, expect notice- 
able visco-elastic behaviour. 


8-7 Structure of glassy and semicrystalline polymers 

We have seen that segments of molecular chains of a rubber have an energy 
greater than their binding energy. If, however, the temperature is reduced, 
a point is reached below which this is no longer true. The rubber must then 
either crystallize or form a glass. Which of these two it does depends upon 
its chemical nature, and upon the experimental conditions. 

If natural rubber is cooled rapidly in the unstretched state, it forms a glass 
at about —60°C. The reasons for this are the same as the reasons for the 
formation of an inorganic glass—the atoms do not have time to find sites on 
the crystal lattice. When it forms a glass, the rubber changes dramatically 
from a highly extensible, low modulus, material to a brittle one with a shear 
modulus similar to that of an inorganic glass. This occurs over a temperature 
range of a few degrees. Also, as the temperature is further reduced, the 
modulus rises, whereas the modulus of a rubber decreases with decreasing 
temperature. These effects show that the configurational changes responsible 
for highly elastic deformation are prevented, and that, instead, deformation 
is opposed by binding forces. 

If, on the other hand, the rubber is cooled slowly, it crystallizes. This is 
shown by its X-ray diffraction pattern, and by the fact that its density is 
higher than that of the rapidly cooled specimen. (Hence its atoms must lie 
more closely packed.) Both tests show, however, that the material is not 
completely crystalline. 

The reason for this is that, whereas short segments of chain can move 
fairly rapidly and so find crystal sites, the larger lengths, which would have 
to rearrange themselves if the material crystallized completely, can only do so 
slowly, and so complete crystallization is prevented. The partially crystalline 
material can exist in one of two states; in one, the molecular chain elements 
outside crystals can change configuration easily (i.e., are rubber-like), 
and in the other, they cannot (i.e., are glass-like). However, the crystalliza- 
tion is the dominant feature controlling the mechanical properties, and there 
is less difference between the properties of these two states than between the 
properties of a rubber and a polymeric glass. The mechanical properties of a 
partially crystalline polymer are very different from those of a rubber—the 
shear modulus is much greater, and the material is ductile rather than 


highly elastic. 
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Whereas natural rubber can be cooled to form either a glassy or a crystalline 
polymer, other materials form only one type. Polymethyl methacrylate, 
for example, does not crystallize, whereas molten polyethylene cannot easily 
be cooled to form a glass. The reasons for this lie in the shapes of the atomic 
groupings along the molecular chain. In polymethyl methacrylate these 
groups are large and irregular, and so will not crystallize. At high enough 
temperatures both of these materials behave like unvulcanized rubber. 

There is another way in which natural rubber can be made to crystallize. 
If it is deformed isothermally in simple elongation at room temperature, 
crystallization increases with extension. As extension proceeds, the mole- 
cules are pulled into straight and parallel configurations favouring crystalliza- 
tion. (This can also be regarded as an elevation of freezing point with stress— 
a one-dimensional Clausius—Clapeyron effect.) Thus, as extension of a 
rubber proceeds, its properties gradually change from those of a rubber to 
those of a crystalline material, and this is one reason why Eqn. (6-1) breaks 
down at large extensions. The material is no longer rubber-like at these 
extensions and so the stress required to increase its extension is very much 
increased. It also explains why a considerable amount of heat is evolved 
during extension; the formation of crystals releases their latent heat of 
fusion. 

When a piece of rubber crystallizes under extension, the crystallization 
‘locks’ the molecular chains in extended configurations. Ifthe crystal melting 
temperature is above the temperature of the specimen, the chains remain in 
these configurations when the stress is released. In other words, the specimen 
is apparently permanently (or plastically) deformed. However, if the 
temperature is now raised above the crystal melting point, the chains are 
freed, and, provided no stress is applied, the specimen recovers its original 
dimensions. In a similar way, certain fluids penetrate into the molecular 
structure, ‘loosening’ it, and allowing the material to approach its original 
dimensions. This type of behaviour is demonstrated by any polymer 
crystallized in an extended state, and is a consequence of the long chain 
structure. This, then, explains the recovery from ‘plastic’ deformation of 
these materials, described in Chapter 6. 


8-8 Summary 

We have seen in this chapter that the elastic behaviour of crystals and glasses 
can be accounted for qualitatively by the binding forces between their 
atoms. To describe the plasticity of crystals we have to postulate the existence 
of defects, or dislocations, in the crystal lattice. 

Elastic forces in rubbers have a different origin. These arise from the 
changes in molecular configuration which are continually taking place. 
Polymeric material can, however, also assume either glassy or partially 
crystalline states, and such changes modify its elastic properties dramatically. 
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The dislocation theory of crystal plasticity, and the theory of rubber elasticity, 
have both been developed quantitatively, although they have been expressed 
only qualitatively in this book. They both give good quantitative predictions 
of material properties. The exact molecular structure of glassy and partially 
crystalline polymers is, however, still a subject of some controversy, and so 


it is not yet possible to account quantitatively for the mechanical properties 
of these materials in terms of their structure. 


Bibliography 


Relationship between molecular structure 

and mechanical properties 

CottTreLit, A. H. The mechanical properties of matter. John Wiley, New York, 1964. 

Ferry, J.D. Visco-elastic properties of polymers. John Wiley, New York, 1961. 

TRELOAR, L. R. G. The physics of rubber elasticity, 2nd edn. Clarendon Press, Oxford, 
1958. 


Mathematical theory of elasticity 
GreEN, A. E, and J. E. Apxins. Large elastic deformation and non-linear continuum 
mechanics. Clarendon Press, Oxford, 1960. 


HEARMON, R. F. S. An introduction to applied anisotropic elasticity. Clarendon Press, 
Oxford, 1961. 


Love, A. E. H. A treatise on the mathematical theory of elasticity, 4th edn. Cambridge 
University Press, London, 1927. 


Nye, J. F. The physical properties of crystals. Clarendon Press, Oxford, 1956. 


NovozuiLov, V. V. (Translated by J. K. LusHER.) Theory of elasticity. Pergamon Press, 
Oxford, 1961. 


Theory of elasticity applied to engineering structures 
BENHAM, P, P. Elementary mechanics of solids. Pergamon Press, Oxford, 1965. 


Strppes, M., G. WEMPNER, M. STERN, and R. BECKETT. An introduction to the mechanics or of 
deformable bodies. Prentice-Hall, New Jersey, 1961. 


TIMOSHENKO, S., and GooprER, J. N. Theory of elasticity, 2nd edn. McGraw-Hill, New 
York, 1951. 


Answers to exercises 


Chapter 2 
2-1 x’ for 
cae Evy {Shee point Q 
0-006 —0-0024 0-002 0-01 
0-002 —0-0013 —0-0025 —0-0075 
—0-0033 ~0-0025 —0-0022 —0-:0088 
—0-0017 0-0025 0-002 0-012 
0-003 —0-002 0-0016 0-0016 
2-2 
(a) (b) (c) 
x 4-000 
1p se 2:985 
a 0-006 0-006 
i 
Q oe 0-0225 —0-:016 —0-009 
y 4-012 
PA —0-010 
Zi 
R oe 0-012 
y —0-018 — 0-004 
Za 7-960 1-990 
Bes 0-001 
Evy 0-002 0-002 
Ese —0-001 
ey 0-009 
fy2 —0-004 —0-003 —0-002 
Be 0-002 —0-:004 


ILA) Bam a ley a OT 
2-4 (a) x’ — x = 0:0305, y’ — y = 0:0097 
(b) Gi) y= 1-618x 
(ii) y’ = 1:592x’ 


2-5 Principal axes at 6 = 76°43’, principal strains 0-00347, —0:00547. 
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2-6 (a) Three, no two on the same straight line. 
(b) The state of strain cannot be measured with such devices, irrespective of the 
number used and of the manner in which they are mounted. 


2-7 47°52’, 1:0075 cm, 0:9975 cm. 


yea €:) nt Wey 
(bb) Ren — toe aL Ones és — ey — 105? 
@) eye —l, ey = Exy = — 13:3, Ejcy = 2°32, e, = —20, 
B= 8 35 (all <al0=); b = 55°18". 


2-10 (a) & = 98 x 1074, o>. Sm nl Ome 
(b) 0-0107 radian. 


2-11 (a) angle to positive x axis decreases by 18:5 x 10~* radian; angle to negative y axis 
increases by 18-5 x 10-* radian; angle to z axis unchanged. 
(b) angle to x axis unchanged; angle to positive y axis increases by 5 x 10~* 
radian; angle to positive z axis decreases by 5 x 10~ radian. 
(c) angle to negative x axis increases by 4 x 10-* radian; angle to y axis unchanged; 
angle to positive z axis decreases by 4 x 10~ radian. 


2-12 (a) Angle between edge OZ and XY plane unaltered, angle between edges OX and 
OY increases by 2:38 x 10~° radian; 
(b) OX increases by 175 x 10-*cm, OY increases by 9 x 10-*cm, OZ increases by 
(Sa a Onsienrs 
(Ce 7-2emss 
(d) 6; = 3°67, &, = 4-33, €, = 0°67, (all x 107%). 


2-13 Principal axes are diagonals of the square; principal strains are +2:5 x 10-*. 


2-14 (a) —1, 0, +1 (all x 10-8); 
(b) 2 x 10-* along each axis. 


Chapter 3 


3-1 A =20cm!?; (f) = RP a2 normal stress = 2:96 dyn/cm?; shear stress = 
0:52, 0:80, 0:93 dyn/cm?. : 
3-2 On, = —0-034; Oz, = 0-979: Ozy = 07171; Oy, = —0-0924; 
C77 0.183% F = 3-94; ea De = 685365 p= 6205 
= 84°42" Gh Df d = 11°46’. 


3-3 Normal stress has maximum value of F/zr? when @ = 0; shear stress has maximum 
value of F/2mr? when 0 = 45°, 


Grae 


3-4 Force is of magnitude 2:56 x 10" dyn and acts parallel to the x axis in the positive 
direction. 


3-5 Principal axes at 15° to coordinate axes by anticlockwise rotation; principal stress 
at 15° to x axis = 7-27 x 10*dyn/cm?; principal stress at 15° to y axis = 10-7 x 
108 dyn/cm. 


3-6 F=1-9 x 10" dyn; 


3-7 


3-8 (a) oa = 3; 
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a = 70°40’, 
6 $ 
20° 329°41’ 
54°44’ 324°44’ 
70° 126°6’ 


(b) o,q = 1 dyn/cm?, 


F (dyn) 
outwards 


tangential 
inwards 


1:91 
1-42 
ila ly/ 


Oya = 3 dyn/cm’, 
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Oza = —4 dyn/cm’. 


Chapter 4 
4-1 OX OY OZ 
Serta S089 X10 “6 == 1 20X10-* 
1-22 x 10-* 0:89 x 10-4 0:56 x 10-4 
92 1ex 1O- 13:3. x. 10-* 12:5 x 1054 
—37:0'x 10+ 55 10-4 12-4 x 10-4 
4-2 Angle increases by 5 x 10~* radian. 
4-3 Bs Ey E, on Oy 0; lh k 
(a) Pej Fl 5Ae V=— 124. 30-8 
(b) 655 —486 —3-45 1°33 
(c) 5 ey OS PSI 
4-4 Exx Evy Ezz Exz Eyz Ore Oy Ozz 
(a) =—ie35) 4-50 4 
(b) —4-30 0-69 0-97 
(c) 2-3 1-6 —3:)- = 1-0 
Oxy Onz Oyz A fad k 
(a) 25 =3°5 2:0 1-33 
Cojip = — 1°35 1:80 —0-90 0:45 
(c) 0-273 0:5 0-606 
4-5 Change in length Change in angle 
10-* cm 10% radian 
Ox OY OZ OX and OY OXandOZ OY and OZ 
(a) 205 20 oe HB) ai —4 
—i29 6:9 1-94 a3 —4 2 
2:6 = 23 3:2 == 10 +6 +2 
(b) 5-0 —80 —12-0 =5 =) 4 
—21-5 2-76 7-76 +3 —4 +2 
6:0 9-2 12:8 —10: +6 +2 
Chapter 5 
5-1 pgl?/2E. 


5-2 Axial stress = gpx*/3/?; 


axial strain = gpx°/3El’. 
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5-3 Force applied at distance r}E,d/(r3E, + r{E,) from the bar of radius rg. 
5-4 (a) radius > (W/27*npe,)'/*; (b) radius > (8W/157*une,)'/. 


5-5 2TI/m{r3u, — ri(H2 — /)} radian; 
inner portion, U = IT?riu/a[uarg — ri (Ml, — “,))? erg; 
outer portion, U = /T?(r¢ — rf)u/a[Mert — ri(u, — 4)F erg. 


5-6 21(T/nr® — fl)/ur? radian. 


5-7 Cis ata height of 7-Sw/*/EI cm above A, where w is the weight per unit length, and 
Icm* the second moment of area. 


5-8 Ratio of stored elastic energies (//x)*, where / is the length of the beam. 
5-9 Thickness > (18 Wh/Ele?)1/? cm. 


5-11 yu = 7:94 x 10" dyn/cm’; maximum y = 7:98 x 10-4; maximum F = 6:3 X 
10°dyn; = maximum force under-estimated by about 2%. 
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Glass, 165-169, 175 
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elastic energy in, 154-158 
extensional force on, 158 
helix angle of, 156 
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Heterogenous material, 174 
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Hookeian material, 91 
Hooke’s law, 91, 165, 166, 175, 199, 207 
Hydrostatic pressure, 72, 92 


Ideal gas, 203 

Ideal rubber, 214 

Imperfections in crystal, 210 

In-phase modulus, 179, 199 
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Internal energy, 206, 214 

Internal force, 5, 56, 114, 123, 135, 137, 
156 

Isochronal stress-strain curve, 199 
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Large strain, 168 
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Linearity, assumption of, 87, 89 
Long chain molecules, 164, 170, 172, 212 
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end-to-end length of, 213 
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thermal energy of, 213 
Loss factor, 179 
Lower yield stress, 170 < 
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three-element, 182 
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Neutral axis, 133, 136, 141, 146, 148, 161 
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Non-uniform strain, 111, 115 
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Out-of-phase modulus, 179, 199 
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Polymethyl methacrylate, 165-167, 169, 
171216 
Polypropylene, 165 
Potential energy, 204 
Pressure, hydrostatic, 72, 92 
Principal axes, 40, 109 
of strain, 30, 31, 35, 44, 48, 51, 88 
of stress, 64, 70, 82, 88, 116 
Principal extension ratios, 37, 40, 48 
Principal strains, 30, 32, 33, 35, 40, 44,51, 
91, 92, 99, 109, 116, 119 
in dilatation, 38 
equal, 38 
suffix convention for, 30 
Principal stresses, 64, 70, 73, 78, $2591) 
92, 98, 109, 116 
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in dilatational system, 73 
equal, 71 
suffix convention for, 64 
Pure bending, 136, 161 
Pure shear, 33, 40, 51 
Pure shear strain, 88, 92, 109, 119 
Pure shear stress, 65, 73, 77, 82, 87, 92, 
109 


Radius of curvature, 133, 136, 137, 141, 
148 
Radius of helical spring, 151 
Recovery, 170, 177, 178 
creep, 177, 197 
instantaneous, 177 
Relaxation time, 184, 186, 189, 201 
distribution function of, 190 
Relaxation-time spectrum, 190, 201 
for polymeric glass, 194 
for rubber, 194 
for semi-crystalline polymer, 194 
Retardation time, 193, 201 
distribution function of, 193 
Retardation-time spectrum, 193, 199, 201 
Rigid body movement, 9 
Rigid body rotation, 40, 127 
Rotation of axes 
effect on coordinates of point, 25 
effect on strain specification, 24 
effect on stress specification, 62 
Rubber, 165, 167, 169, 172, 203, 212 
ideal, 214 
natural, 215 
relaxation-time spectrum for, 194 


Saint-Venant’s principle, 111, 116, 124, 
135, 160 
Second moment of area, 136, 157, 161 
Semi-crystalline polymer, 165, 174, 203, 
215 
relaxation-time spectrum for, 194 
Series model, 193 
Shear, 156 
angle of, 11, 16, 38, 92, 129, 145, 
209 
pure, 33, 40, 51 
simple, 41 
Shear force, 138, 139, 144, 161 
sign convention for, 138 
Shear modulus, 90, 92, 109, 117, 125, 
167, 203, 207, 209, 212 
temperature dependence of, 212 
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Shear strain, 10, 16, 33, 37, 40, 50, 102 
pure, 88, 92, 109, 119 
simple, 93, 125 
variation with rotation of axes, 30 
Shear stress, 57, 65, 73, 82, 101, 209, 210 
pure; 65, 73,77, 82, 87, 92, 109 
simple, 75, 125 
variation with rotation of axes, 64 
Sign convention 
for bending moment, 138 
for shear force, 138 
for strain, 14 
for stress, 58 
Simple elongation, 112, 134, 156, 160, 165, 
2, GK, PANS 
axial strain in, 117 
axial stress in, 115, 117 
deviatoric component of strain in, 117 
dilatational component of strain in, 117, 
119 
elastic energy in, 118 
internal force in, 114 
normal stress in, 116 
principal axes of stress in, 116 
principal strains in, 116, 119 
principal stress in, 116 
Saint-Venant’s principle for, 116 
small strain, 117, 118 
stress components in, 114 
transverse strain in, 115, 117 
uniform stress, 116 
Simple shear, 41 
Simple shear strain, 93, 125 
Simple shear stress, 75, 92, 125 
Sinusoidally varying strain, 178, 201 
Sinusoidally varying stress, 179, 201 
Slope of bent beam, 142, 144 


Small strain, 4, 11, 30, 37, 39-41, 44, 48,’ 


1095 1475 11851425165, 16851755176 
Standard linear solid, 183 
State of strain, 9, 109 
State of stress, 55, 109 
Statically indeterminate problems, 139 
Steel, 165, 169, 170 
Stiffness, 154, 180 
Strain, 3 
axial, 117 
creep, 177 
deviatoric, 42, 89, 109 
composed of pure shears, 45 
deviatoric component of, 45, 51, 89, 99 
117, 119 
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dilatational, 38, 40, 42, 51, 
109 
dilatational component of, 45, 51, 89, 
99, 117, 119 
dimensions of, 18 
engineering, 168 
extensional, 10, 16, 33, 37, 38, 40, 50, 
10151335 135 
instantaneous, 177, 201 
large, 168 
large elastic, 172, 175 
non-uniform, 111, 115 
plastic, 170, 175 
principal, 30-35, 40, 44, 51, 91, 92, 99, 
109, 116, 119 
equal, 38 
principal axes of, 44, 88 
pure shear, 88, 92, 109 
shear, 10, 16, 33, 37, 40, 50, 102 
sign convention for, 14 
simple shear, 93, 125 
sinusoidally varying, 178, 201 
small, 30, 37, 39-41, 44, 48, 109, 117, 
118, 142, 165, 168, 175, 176 
state of, 9, 109 
suffix convention for, 14 
transverse, 115, 117 
uniform, 21, 115 
visco-elastic, 170, 172 
Strain ellipsoid, 35, 38, 40, 48 
Strain history, 199 
Stress, 4 
axial, 115, 117 
deviatoric, 78, 89, 109 
composed of pure shears, 80 
deviatoric component of, 78, 82, 89, 99 
dilatational, 71, 86, 91, 109 
dilatational component of, 78, 82, 89, 
99 
engineering, 168 
maximum, 146, 161 
non-uniform, 111, 125, 128 
normal, 57, 65, 73, 82, 101, 116 
principal, 64, 70, 73, 78, 82, 91, 92, 98, 
109, 116 , 
equal, 71 
principal axes of, 82, 88 
pure shear, 65, 73, 77, 82, 87, 92, 109 
shear, 57, 65, 73, 82, 101, 209, 210 
sign convention for, 58 
simple shear, 92 
sinusoidally varying, 179, 201 


86, 91, 


Stress (Contd.) 
state of, 55, 109 
suffix convention for, 58 
tensile, 57 
uniform, 57, 59, 116 
yield, 209 
Stress components, 114 
Stress ellipsoid, 69, 72, 73 
Stress history, 196 
Stress relaxation, 177, 190 
compliance, 178 
modulus, 178, 191, 199 
Stress-strain relationship, 168 
Stress-strain curve, isochronal, 199 
Suffix convention 
for direction cosines, 27 
for principal strains, 30 
for principal stresses, 64 
for strain, 14, 24 
for stress, 58 
Superposable quantity, 43, 78, 87 
Superposition principle, 196 
Support, effect of, 139 
Support reaction, 138 


Taylor’s series, 206 
Tensile stress, 57 
Tensor addition, 44 
Tensor quantities, 17, 60, 101 
Thermal energy, 211, 213 
Three-element model, 182 
Torque, 123, 127, 154 
Torsion, 152, 156, 176 
Torsional rigidity, 128, 161 
Transverse strain, 115, 117 
Twisting, 122 
angle of shear in, 129 
couple, 123, 127 
elastic energy in, 129 
internal forces caused by, 123 
non-uniform stress in, 125, 128 
Saint-Venant’s principle for, 124 
simple shear strain in, 125 
simple shear stress in, 125 
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Uniform strain, 21, 115 
Uniform stress, 57, 59, 116 
Upper yield stress, 170 


Visco-elastic behaviour, 176, 
linear, 199 
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Visco-elastic material, 168, 175, 187, 201 


Visco-elastic model, 180, 195 
Kelvin, 181, 193, 201 
Maxwell, 180, 183, 190, 192, 201 
series, 193 
creep compliance for, 193, 194 
superposition principle for, 198 
three-element, 182, 184-186 
absolute modulus for, 187 
creep, 184 
creep compliance for, 187 
phase angle in, 186 
sinusoidally varying strain in, 186 
stress relaxation in, 185 
Voigt, 181 
Wiechert, 189, 193, 201 
creep modulus for, 192 
in-phase modulus for, 192 
out-of-phase modulus for, 192 
sinusoidally varying strain in, 191 
stress-relaxation in, 191 
stress-relaxation modulus for, 191 
Visco-elastic strain, 170, 172 
Visco-elasticity, 7, 203, 215 
Viscosity, 180 
Viscous coefficient, 180 
Viscous liquid, 168 
Voigt model, 181 
Vulcanization, 213 


Wiechert model, 189, 193, 201 


Yield point, 170 
Yield strength, 207 
Yield stress, 209 
lower, 170 
upper, 170 
Young’s modulus, 117, 135, 137, 160, 
167, 173, 180 
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